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15.1 Extreme-Markovian-stationary (EMS) sequences

Let us

introduce the extreme-Markovian-stationary (EMS) sequences

analogous to normal-Markovian-stationary ones and study some of their
properties. In this section and in the following one will follow Tiago de

Oliveira (1972).

Let {Ex,k=1,2,...} be a sequence of independent reduced Gumbel

random variables and consider the sequence
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Zl - E1
Zy = max(Zy_; + 3, Ex +b), k> 2.

We see immediately that all Z; have distribution function A(x) iff we
have e* + e? = 1. Putting e* =0(0 <0 < 1) we get the EMS sequence
defined as

Zl = E1
Zy = max(Zy_1 +1og6,Ex +log(1—-0)),k=>2(0<6<1).

The distribution function of the pair (Zy, Zx4+1) (k = 1) is Prob {Z; <
X, Zx+1 <y} = Prob{Zy < x,Z) <y —1log6,Ex,; <y—log(1—-06)}=
A(min(x,y —log0)) A(y —log (1 —0)) = A(x,y|0) = exp{—(e™* +e7¥) +
min(e™*,0e™Y)} where the dependence function is k(w|0) =1-—
min(6,e")/(1 + e").

The transition distribution function Prob{Zy < y|Zx_; = x} is given as

P(y|x; 0) = Prob{max(X + log6,Ey +log(1 —0)} <y) =0ify < x+ log6
and P(y|x;0) = exp{—(1—0)eV}ify>x+1logb , that is P(y|x;0) =
H(y —x —log0).exp — {(1 — 6)e™¥}, H being the Heaviside jump function.
The transition density, using the Dirac 6 pseudo-function, is

[(1—-0)eYH(y—x—1logB) + 8(y — x —log8)] exp{—(1 — 6)e™7}.
The distribution function of (Z,, ..., Z,) is given by the iterative formula

Ay (Xq, o, Xp|0) = Prob{Z; < x4, ...,Z, < Xp} = Prob{Z, <xq,..., 2,1 <
Xpn—1,Zn-1 < Xp — log6,E, < x, —log(1—0)} =
Ap_1(Xq, oy Xp_g, min(x,_1, X, — log 0)]0) A(x, — log(1 — 0)).

The distribution function of (Zy,, Z4) (p < q) is given by
Apq(x,y]0) = Prob{Z, < x,Z4 <y}
= Apg-1(xy —10g 6]0).A(y —log(1 —0)) ifp<q—1,
= A(min(x,y —log 8)) A(y —log(1—6)) =A(xy|6)ifp=q—1.

The iteration shows that the distribution function of (Zy,Zy) is
A(x,y|897P) , so that the correlation coefficient between Z, and Zg is

6 —
S R(B97P).
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The expression of Zq inZ,(q > p) is

q
= max[Z, + (q — p)log 6, max (E; + (q — j) log 8) + log(1 — 6)]. Thus:
p+1
The EMS sequence Z,, is stationary with the distribution function given
by the iteration

A(XIQ) = A(x)'/ln(xll "'!xnle) =

Zq

Np_1(xq, ooy Xy, min(xp_q, x, — log 0)10). A(x,, — log(1 — 0)).

Its mean value isy, the variance w2 /6 and the correlation coefficient
6/m*.R(6) ; the correlation  coefficient  between Z, and

.6 -
Zq(q>p)is FR(eq P).

The distribution function of max(Z, , ..., Z,) being
Prob{max(Z4, ..., Z,) < x} = exp{—(e +n(l - 9))e‘x},

we see that

max(Zq,...,Zy )

p
- — 00,
log(6+n(1-6)) lasn

AlSO max(Zq,...,Zy)
logn

max(Zy, ..., Z,) are y + log(8 + n(1 — 6)) and m?/6.

p .
-1 and the mean value and variance of

Let us now obtain some results which may be useful for the description
and analysis of an EMS sequence.

Let us first show that:

The ergodic theorem in mean-square for the EMS sequence is valid.
As M(%le1 Zyx) =y we have only to show that V(%er Zy) — 0. But

1 2/6 2/6
VEXIZ) = % iy Pij = %(n +2X1(n =K py)
where the correlation coefficient py is p;irk = 6/m?.C(Z;, Ziyi) by the

stationarity. As py = ni R(6X) we have

2

2RI -5 REY -0,
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which shows the desired result.

The results that follow suggest the trend of the next section concerning
statistical decision.

As the EMS sequence is stationary the correlogram technique can be
applied; from 6% | 0 we can expect the empirical correlogram to tend quickly
to zero.

By contrast, the periodogram technique is not useful as could be

expected. Let T be the trial period. The quantities A,(T) = % X1 7k sin%

1 2mk . .
and B,(T) = HZ‘{ Zx Cos% converge in mean square to zero, as their mean

values converge to zero and V(A,(T)) and V(B,(T)) converge to zero. A
simple way is to show that

T /6 ()

V(An(D) + V(By(T)) = —- X pjj cos—— =

k) cos 2k, 0,

T
which is evident because py, = 6/m% R(6¥) - 0 (as follows from the ergodic
theorem).

We can also consider the associated sequence of ups and downs.
Denoting by K,, the number of times that Zy_, < Zy for (Z,,Z,, ..., Z,) we
have

n = 22 H(Zk — Zx-1).
As 7, = max(Zx_1 +1og6, Eyx + log(1 — 0)), We have H(Zk -

Zk 1) = H(Ex +log(1 — 0) — Zy_1) . =320
[((n—Do*+237(1 _)Pk] with o% = V(H(Zk —Zg-1)) =

(1_9)291( 1
1+(1-06)(1+6k-1)

1 0

(n— 1)2 (2-6)?

and py, = — as

C(H(Zy — Z1),H(Zxy2 — Zx—1)) = Prob(Zy, < Z5,Zyq < Zyyz) — ( )2

_ (1-6)3 okt
T (2-8)2(1+(1-0)(1+6k-1))’
’ K, MS1-6
As pi = 0when k - ooweseethatmeﬁ.
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We can generalize, by defining another type of stochastic sequences of
extremes analogous to linear processes in gaussian processes theory.

Let {E,,—o0 <n < +o} be a sequence of independent reduced
Gumbel random variables and define

Zy = MaXpgj<to(Exj + @5).
(0]
Then Prob{Zy < x} = Prob{Ey_j <x—aj} = T A(xX—a;) =
0
exp {—e * Y7’ €?j} has Gumbel reduced margins iff }.5°e?j = 1.
Taking then any set of probabilities p; > 0(Xg’ p; = 1), we must have
Iy = maXOSj<oo(Ek—j + log pj)a
the EMS sequence being obtained by taking p; = (1 — 0)0’.

For a sequence {E,, 0 < n < +oo} of independent reduced Gumbel
random variables we can also define an extreme sequence by choosing
Bn.(j) = 0such that 31 B,() = 1 and putting

Zn = maXOSk<n(Ek + 10g Bn(k))
15.2 Statistical decision for EMS sequences

Let us return to EMS sequences with reduced margins. From the relation
Zy — Zx_41 = log6 (k = 2) we get the maximum likelihood estimator

0, = exp(mincyen (Zi — Zk—1))-

We can easily obtain the distribution of 8, and show that Prob{®,, =
8} — 1. Note that 8, > 0, but we can have 8,, > 1, thus suggesting truncation
if this is the case.

Then Prob{f, <a} =0 fora < 0. Let us then obtain Prob{f, < a}
fora > 0, if 8 < 1 by computing Q,,(a) = Prob{8,, > a} fora > 6.

As Zy — Zy_1 > log a (log = 6) we see that
Qn(a) = Prob{Zy —Zyx_, >loga} =

a
Prob{E, > E; + logm,E3 >E, +loga,...,E, >E,_ 4 +loga} =
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= PI‘Ob{t1 >a ql(e)tz, tz > atg, ---;tn—l >a tn},
with t; = e~Fistandard exponential and q;(8) = (1 — )™, which, iteratively,
gives
n
Qn(a) = (mq()) ™" where qi() =1 +aqi-1(a),
2

ak 1-ak

-1
oo T 1 ,qk(0) =

so that, as gq;(a) = (1 —0)"1, we have qx(a) =
a-e,
Qn(e) = (1 - e)n—l

and thus Prob(8, =0) =1— (1 —-0)""1 > 1if@ > 0and Prob(d, =1) =
1if © = 1. This estimator has fora = 0

d Prob(8,, < a)
da

=0 if 0=1;

n(l—e)"2ifo<0<1

asymptotically 8,, is better than the common maximum likelihood estimators
whose order is, usually, n'/2.

In the more general case, we have an EMS sequence X, = A+ 6 Z,
with general margins, where A and 8(> 0)are the location and dispersion
parameters. We will show, using the results given in the paper, how to obtain
quick estimators for A, & and 6.

— _ P
We have X, = A + 8 Z,, = A + y § by the ergodic results,
K, p1—-6
_) —

=172 0
by the ups and downs sequence,

P
Ap=min(Xy — Xy_1) = 6 min(Zy — Zyx_,) = 6logH,
and also

max(Xy,...Xn) _ A+8max(Zy,...Zy) i
logn - logn

As, for0 < 6 < 1, we have OS;

S.

| D

<

N | =

, decreasing with 6, we will take

D
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F, =F, if 0<F,<1/2
Fi=1/2 if 1/2 < Fy(£ 1),
and use

* 1_9;1 * _ F;
F, = e or 0,=1 —F

Note that F, = O(F; = 0) gives 6, = 1 (diagonal case) and F, >
1/2(Fj = 1/2) gives 67 = 0 (independence case).

Once 65, is known we must estimate A and 5. A natural choice is the
ergodic theorem thus giving one equation

X, =M\, +v8;.
For a second equation, we could use either

min(Xy — Xx_1) = 6, log 65

P
(as min (X — Xy_1) = 6 min (Zy — Zx_1) = 6logh)
or
max(Xq, ..., Xp) = A +y + log (6 + n(1 — 67))6;.

As the use of the first relation, for &;,, imposes one more condition (i.e.,
min(Xy — Xx_1) <0 ), we will use the second relation, with the ergodic
theorem, to estimate A;, and &;,.

Thus we have the system

F*
e* - 1 — n
n 1-F}
n
max (Xj)—Xp
&y = —1

" log(6;+n(1-63))’
and A =X,-vy&;
to estimate the parameters. Note that the denominator of &y, is always > 0 for

P
n > 1 and that [log(6;, + n(1 —65))] /logn— 1.
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If we substitute the denominator of &; by lognwe thus have the
n

estimator 85 = (max(X;) — X,,)/logn (independent of 6}, ) and also the new
1
estimator A:* = X, — v 85°. We will use these estimators.

As an example we will apply these simple estimators to two random
sequences {E;} and {Z;} of 25 terms where {E;} is a sequence of independent
reduced Gumbel random variables obtained from Goldstein (1963), and {Z;} is
an EMS sequence with 6 = 1/2, i.e.,

Zyx = max(Zx_q, Ex) —log 2:
Table 15.1

j 1 2 3 4 5 6 7

1.412 -0.296  -0.031 1.388 1.657 -0.382  -0.175
Z; 1.412 0.719 0.026 0.695 0.964 0.271 -0.422

8 9 10 11 12 13 14
E; 0380 -0.692 2135 0130 0040 1927 1456
Z;  -1073  -1.385 1442 0749 0056 1234  0.763
j 15 16 17 18 19 20 21
E, 0472 1140 -0930 -0.793 -0.913 -0.610  0.616
Z; 0070 0447 -0246 -0939 -1606 -1.303 -0.077
j 22 23 24 25
E;, -0920 1434 1586  3.688
Z.  -0770 0741 0893  2.995

Note that in the two cases we have A = 0,6 = 1. Assuming this, for the
{E;} sequence we have K5 = 1350 F,5 = 13/24(=1/2)and so 635 =0
(independence); for the {Z;}sequence we have K,5 = 10 and so F,5 = 10/24,
F5s = F,5s and 05 = 2/7 = .286 which is a long way from 6 = 1/2!
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In the general case we can add the estimators of A and 8.

25
For the {E;} sequence we have max (E;) = 3.688,E,5 = .51716 and so
1

5= 985 A3 = —.051,

which are not very far from the exact values. Clearly, assuming 6 = 0, we
should have used habitual ML estimators.

Consider, now, the {Z;} sequence. We have estimated, before, 6 by
055 = 2/7 = .286.
25 B
As we have max (X;) = 2.995 and X,5 = .226 we get 855 = .860 and

1
Ay = —.271.

Once more the estimates are not close to the exact values!
The estimation problem has to be reconsidered.
15.3 Extreme-Markovian stationary (EMS) processes

After the definition of extremal processes and EMS sequences, we will define
the EMS processes and relate them to the extremal processes, consider the
associated maximum process, and show that its asymptotic behaviour is
similar to that of an extremal process. This is analogous to the relation
between the Wiener-Levy process and the integrated Orstein-Uhlenbeck
process, as could be expected, to a certain extent, from the “duality” between
maxima and sums.

In this section we will follow Tiago de Oliveira (1973).

An extreme-Markovian-stationary (EMS) process Z(t) can be
characterized by means of the following axioms:

» Z(t) is a stationary process defined for t(—oo < t < +0);
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o for s<tZ(t) = max(Z(s) + @(t —s),E(s,t) + ¥(t —5s)),Z(s) and
E(s, t) being independent’;

 the random variables E(s, t) have a reduced Gumbel distribution;
« E(s,t) and E(s,t) are independent if ]s,t[n] st [= ©;
» Z(0) is areduced Gumbel random variable.

We will now deduce some basic results from the axioms.

From the stationarity we get
Prob(Z(t) < x) = Prob(Z(0) < x) = A(x).
Now using the second axiom we get
A(x) = Prob(Z(t) < x) = A(x— @(t—5s)) A(x— ¥ (t —s)) so that
e®(t=s) 4 ¥(t=s) = 1
Now taking s < u < t we get
Z(t) = max(Z(s) + @(t —s),E(s,t) + P(t —s))

= max(Z(s) + e(u—s) + e(t —u),E(s,u) + Y(u —s) + @(t—u),E(u,t)
+¥(t—u)

so that

pt—s)=@(t—u)+9u—s)

E(s,t) + W(t —s) = max(E(s,u) + Y(u—s) + @(t —u),E(u,t) + ¥(t — u)).
As e®(t=S) < 1 the first relation gives, as ¢(w) < 0,

ew) =—-Bw(B=0)

so that

Y(w) = log(1—e W)

and, consequently, we get for s <t, Z(t) = max(Z(s) — B(t — s),E(s,t) +
log(1 — e B9y,

1. We could instead of this formulation introduce the random variables E'(s, t) —
E(s,t) + Y(t — s) with a Gumbel distribution (not reduced), adopting conveniently
the axious and the proofs. This is left as an exercise.

363



Statistical Theory of Extremes, 354-379, 2017 (Online Edition). J. Tiago de Oliveira

Note that the random variables E(s, t) satisfy the relation

e Bs_egBu ePt_ePu
E(S, t) = max(E(s, Ll) + logm, E(u, t) + logm)

for 0 < s < u < t. Itis immediate that
Z(t) = Zo(eP"H) — B,
where Z,(t) is a (reduced) extremal process.

The joint distribution function of (Z(t,), ..., Z(t,)) is easily shown to be
Ay (Xq,t1; o3 X, ) = Prob{Z(t) < x4, ..., Z(ty) < Xu}
= Ap—1(X1, t15 o5 Xp—2, ty—2; Min(Xp—1, Xy + Bty — th-1)) th-1).

- A(xy — log (1 — e Flta—ta-0)y),

From the previous result we get
Ay (X4, t1; %5, 1) = exp(—(e7*t + e7*2) — min(e ™1, e B2t ¢X2))
so that the dependence function is
k(w) = 1 — max(e P27t eW) /(1 + W),

a biextremal one with the parameter 6 = e~f(t2=t),

The correlation coefficient is then
%R(e_ﬁ(tz_tl)),
now being continuous in the diagonal.

Also the conditional distribution function of the EMS process is
Prob(Z(t) <y|Z(s) =x) =0 ify<x—B(t—>s)
=A(ly—log(1—eBt9))) ify>x—B(t—s),
with a jump of
A(x —log(eP9 — 1)) at y=x—B(t—75),

fors <t

364



Statistical Theory of Extremes, 354-379, 2017 (Online Edition). J. Tiago de Oliveira

Because Z(t) is a Markovian process, the least squares predictor of Z(t)
when Z(t;) = xq, .., Z(ty) = x,(0 < t; <t ... <t, <t)is the conditional
mean value of Z(t) when Z(t,) = xp,

P(t; Xn, tn) = Xn = B(t = tn) + [ “[1 — ACx — log(eP~tn) — 1))]d x
and the conditional mean-square error is, after a simple algebra,
7711 = A(x — log(eP® ) — 1))]d x2 — [(p(t; Xy, tn) + Bt — t,))? — x2].

Recall that also for the EMS process, from the stationarity, we have the
mean value y and the variance 12 /6.

Let us now study Z(t) = maxg<s<t Z(s), (0 < s < t). The definition has
effective meaning because of the relationship between Z(t) and Z,(t). The
correlation coefficient being continuous on the diagonal, Theorem C in Loéve
(1961), shows that Z(t) has many separability sets, one of them being the set
of non-negative rationals.

We can then compute Prob{Z(t) < x}. Fixing h > 0, for

n
Fo(x) = Prob{n {Z(kh) <x}}
0

we have

n—1
Fao(x) =Prob{ n {Z(kh) <x}nN (max(Z(n —1)h) —Bh,E((n—
0
1) h,nh) +log(1 — ePM)) < x}}

= Fn_1 (0 - exp{—(1 — e PMe™}

= Fo(x) - exp(—n(1 — e BMe™) = exp{—(1 + n(1 — e PM))e}.
Taking now {h,} rational and such that n h,, — t, we get

Prob{Z(t) < x} = exp(—(1 + B )e™),

so that Z(t) — log (1 + B t) is a reduced Gumbel random variable.
Analogously we can show, for s < t, that we have

Prob{Z(s)x,Z(t) < y} = exp{—(1 + Bs) max(e %, e™¥) — B(t — s)e™V}.
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The Z(t) process is evolutionary. Using the reduced margins € = x —
log(1+ Bs),n =y —log(1+ Bt)we get the dependence function

1+Bs
1+Bt

k(w) =1 —min(6,e")/(1 +e") with 6 =
For large values of s and t we have 6 = s/t which suggests that Z(t) is
asymptotically similar to the external process.

Note that the mean value function is fi(t) =y +log(1+pt), the
1+Bs

variance is constant (2 /6) and the correlation coefficient is%R( 1+Bt) for
s<t
For the times t; = log(1 + B t;) we get
n
Prob{Z(t;)) <x;,0<t; <t < <ty} = 7 A(min(x;,...,%x) — (T — Ti_1))
i=1

so that, for the new timing, Z(t) = Z((e* — 1)/B)is exactly an external
process, and for large t; and = 1 (change of the time unit) we have 0;~t; so
that Z(t) is asymptotically an extremal process.

We see immediately that Z(t)/log(1+ B t) I ast > oo,

B

For small values of s<t(ft<« 1)we have 1:—Bi~1 and Z(t) —

log(1+Bt) ~Z(t)— Bt is approximately a reduced Gumbel random
variable; the process is stationary only to the first order.

The relationship between Z(t) and Z(t) has a complex joint behaviour
of Z(s) and Z(t), as the bivariate distribution is, unexpectedly, not biextremal.

By the technique previously used, we can show that
W(x,y|t) = Prob(Z(t) < x,Z(t) <y) = exp{—max(e * Bt e)
- foﬁ ‘ max(e "%, e7¥)d h},

the margins being exp(—e™) and exp(—(1 + B t) e™¥). We have ¥(x,y|t) =
Y(min(x,y), y|t) from the definition. Then the dependence function, for the
reduced margins, is

1 _Bt e”w
{max(e 'TTB

e—W

k(w) = + fOB Y max(e™h

366
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clearly not a biextremal one as shown in the more detailed form for k(w)

1

k(w) = oW if w< —log(1+B¢t)
1+w+log(1+f t) .
—W f —lOg(1+Bt)SWSBt—IOg(1+Bt)
eV . .
=Toow if w>fBt—log(1+p1);

but it should be noted that this k(w) is a generalized form of the biextremal
dependence function, the natural one.

It is also easy to compute
G(w|t) = Prob{Z(t) — Z(t) < w}.

Evidently we must have G(w|t) = 0 for w < 0 and for t = 0 we have
G(w|0) = H(w).

The general expression for t > 0 is

e BtH(wW-B 0+ [’ ‘e PH(w-h)d h

max(e—ﬁt,e—"")+f0B ‘max(e~h,e~W)d h’

G(wlt) =
This result shows, as G(w|t) = 1 for w > B t, that, with probability
one,
Z(t) < Z(v) + Bt
We can show this result directly, as follows.

From the basic equation we get Z(t) = Z(s) — B(t —s) withs < t, and
as Z(t) = Z(s;) we have

Z(t) = Z(s1) — B(t—s1)
and thus
Z) <Z() +B(t—s;) < Z(Y) + B t.

The correlation coefficient between Z(t) and Z(t), as follows from the
natural model, is

o(t) = 1+ 6/m2 [M — [Pt log(e” +Bt—w)dw] = 1 - 6/n -
B2t% + .
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The statistical decision for an EMS process has not yet been considered.
Only a few suggestions will be made here.

Two ways can be used to approach the estimation of the parameters of
the general stochastic process X(t) = A+ 8 Z(t), with Z(t) a reduced EMS
process.

One way is to consider the sequence X; = X(to + (j — 1) h) observing
X(t) at equal time steps and considering it as an EMS sequence. In that case
we have for the parameters 6 of the EMS sequence and {3 of the EMS process
the relation® = e 1 and then we estimate 6 (or § ), A, and 8as in the
previous section.
logt
B
log t is an extremal process for t > 0 and thus, once 8 is estimated, we can

estimate A and 6 for extremal processes, as before.

Another way is to recall that if Z(t) is an EMS process then Z(—>) +

15.4 Extreme-Markovian-evolutionary (EME) sequences

Let {E;}(j = 0,1,2,...) be a sequence of i.i.d. random variables with standard

Gumbel margins, and X, = Ay + 89 Zo @ Gumbel random variable with
parameters (Aq + 6y), i.e., Zgis a standard Gumbel random variable; Z, is
independent of all {E;}.

In this section and the next we will follow Tiago de Oliveira (1986). Let
us consider the auto-regressive sequence

Xj;1 = max(a+bXja +b'E),j=0,1,2,..

where the X;" are assumed to be Gumbel random variables. Let (2, ;) be the
parameters of X;, i.e., Xj=2A;+ §;Z; with Z; reduced Gumbel random
variables. The auto-regressive relation can then be written as

)\]'_,_1 + 8]'+1 Z]'+1 = max(a + b(}\] + 6] Z]), a + b,E]) ,j = 0,1, 2,
Thus Prob{Z;,; < x} is A(x) if
6j+1 = b 6]
841 =
@ +b AAu)/b 8 | a@-A)/b _ q
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so that b’ = §; = 8y,b = 1 and e+1/% = e(@*4)/80 4 ¢3/%0  and the auto-
regressive relation takes the simpler form

Xjy1 = max(a +Xj,+a’ + §g Ej).

If we introduce, for convenience, the “patterned” sequence
Y = (X = A)/8o(Yo = Zo) With 7 = (X; = X)/8 = ¥ — (4 = A0)/8¢ =
Y —mj My = 4 —A0)/80,m0 = 0) . Y; then satisfies the auto-regressive
equation

Y;y1 = max(ap + Y, a0 +E),j=0,1,2, ...
withay = a/8y,a o = (2’ — Ay)/8,, and the relation for {;} takes the form
el = e ¢ 4 g0,

In brief, the EME-sequence {X;}, with X, with parameters (Ao, 8,) ,
satisfies the relation

Xj+1 = max(ao 80 + X]‘,AO + a'080 + SOE])
and the “patterned” sequence verifies
Yj+1 = max(ag + Yj,a o + E));

(ag,a,) are then the essential parameters and (Ao, 8,) are incidental
parameters; we can reconstitute X;by the relation X; = A4, + 8,Y;, and as

Y; = Z; + n; the margin parameters of X; are (A¢ + 8¢ nj, 8o).
Consider, now, the difference equation
et = e ¢ + e30, with1, = 0:
if e% = 1(ao = 0) we have e = 1+ 0 j (n; = log(1 + e2° j) > 0);

if e = 1 (ap, # 0) we obtain

a'o a'o ) _
el = 1= % +(1- T eao)eaol =A+ (1-A)e?)(=0)
with A = 1220 , note that lim, ;e =1+ edo j, the expression of e"i for
ao = O
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The condition of stationarity imposes nj,; =n; = -+ =1 = 00 that

e% + g0 = 1, this is the condition for stationarity obtained previously in
EMS sequences; 6 = e was there a dependence (essential) parameter.

As we have only fragmented results we will study some detailed
features of the EME sequence.

Let us consider the monotonicity behaviour of the “patterned” sequence.
As M(Y)) = M(n; + Z;j) =y + n;; we see that Yj ( and thus X; ) are increasing,
constant or decreasing in mean according to nj,1 > n;,Nj;1 = N Or Njz1 < 1;,
i.e., according to e + edo > 1,e% 4+ edo =1 (stationarity) or e?0 + edo <
1.

If ap =0 we do not have the decreasing behaviour and we get

constancy only ifa, = 0 anda’y = —oo, i. e, Yjy1 =Y.

Now compute Prob{Yj,; =Y;}. If ag > 0it is immediate that Y;,, >
ap +Yj so that Prob{Yj,; > Yj} = 1: the EME sequence is increasing with
probability one, and so the method of “ups and downs” considered before for
EMS sequences for the estimation of 6 = e?e, which should be < 1, cannot be
used.

For ag =0 as Yj;; > Y; we have Prob{Yj; >Y;}=1/(1+a,+j)
decreasing with j and as Prob{Yj;; > Yj} = 1 — Prob{Yj;; > Y;} - 1 we see
that the sequence stabilizes asymptotically.

When a, < 0 we have Prob{Yj,; > Yj} =1 — Prob{Yj;; <Y} = (1 —
%) 20 /[(2 — e®0)e?0 + (1 — e% — e20) e30]] with  value e?o/(1+
ea'O) atj=0, converging to (1—e?)/(2—e?)asj— oo increases if
€% + 30 < 1, behaving in a stable way if e? + edo =1 (constancy), and
decreasing if e?o + ed0 > 1,

The “patterned” sequence {Y;} and also {X;} increase in median
Prob{Yj,; = Y;} > 1/2 always if a, >0, when j>1—e%0ifa, = 0and
ay > 0, but never when a’y < 0, and when e~} < (e% + e30 — 1)e~% +
e~0 if e + e?0 > 1 but never if e + e?0 < 1.
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We will obtain the bivariate structure of an EME sequence, the
multivariate structure being an immediate extension.

Taking i < j we have

Y; = max(ao + Yj_1,a + Ej_1) = max(2a, + Yj_y, a0 + ao + Ej_p,a¢ + Ej_;) = -

ji—1
= max((j — )ap + Yi,ao + max ((p — 1ag + Ej_p)).
p=1

Then Prob{Y; < x,Yj; < y} = A(min(x,y — (j —)ag — n;))

X ]n IA(y—a'O — (p — Dayp)ifag # 0

p=1
and
Prob{Y; < x,Y; <y} = exp{— max(e™*,e™¥)e"i — ao(j—ie7V}
ifag = 0.

The dependence function associated with the bivariate structure of

(Zi,Z)) = (Y —n3, Yy —ny) s
Prob{Z; < x,Z; <y} = Prob{Y; < x+n;,Y; <y +n;} = (A A(y))kii =),
where

min(e(]_l)ao _T]j'*'ni'eW)

kij(w) =1- 1+eW
The correlation coefficient is, then,

pij = %R(e(i-i)ao-njﬂli)_

where 0 < e(j—i)ao—nj+ni <1. For dg = 0 we get pij =

6  1+edoi
;R(1+ ea.oj) and for

ag# 0
We have

6 ,1-A+Aedoi
Pij = zR—————

M2 1_A+Aedol’
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where the argument of R(.) is between 0 and 1. For any EMS sequence, with
e +e30 = 1 we get pij = %R(eao(j‘i)) evidently with a, < 0 as obtained
previously, with a, =log8,a, =log(1—0),0 <6 <1 : independence
(6 = 0) gives p;; = 0.

Let us obtain some more propositions that can be useful for the
statistical analysis of the EME sequences.

. . ms ms .

A first result is that Y;/j — max(ao, 0) and Yj;; — Y; — a,, ifay >0,
asj — oo. From Y; = n; + Z; we obtain
M(Y;/j) = (v +n;)/j = max(ao, 0),V(Y;/j) = (7*/6)/j* = 0 and
M(Yj+1 - Y]) =Mj41 —Nj 2 3 if > 0and V(Yj;, —Y)) = w/3(1— Pij+1) — 0.
As Y41 —Y;=ag(ora, +Ej <ap+Y;) with probability

ed0 -e“i

————— — eMiN@0) 35§ - 0 and
edo0+e20e)

Yj+1 — Yj > a, with the complementary probability, it seems natural to study
n

the statistic A, = min(Y; — Yj_4).
1

Let Qu(Ay,...,A,) denote Prob{Y; — Yy, >ag+Aq, ..., Yy — Yp_1 >
apg+ Ay} for Ay = 0. It is immediate that the event D, = {Y; — Y, > ao +
Ay, Yn —Yno1 > a9+ Ay}, asY; =a +Ej, is equivalent to D', = {a’, +
E; >ag+A;+Yy,E; >a9+ A, +Eq, ..., E, > a9+ A, +E,_1}, and we get

Qu(Ay, ..., Ay) = Gy (2021730 go+hz oa0+hn)
where
G (@1, s @n) = [ to>@ut, e ottt +ldt, dt, .. dt,,
tn1>Pntn
which satisfies the relation
Gn (@1, -, @n) = ﬁ%Gn_l((l + @192, P3, .., @)
Then
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@, .., A = Q._{((1+ eRo+h-a0 gloth  edoth
n n—-1

T 1tedo+A-ag
tendsto 0 as n — oo. A, is thus an estimator of a,,.

Some other results give hints for statistical estimation. It is easily shown
that, as

ms
M(Yj41 — Y; —a) = —min(a,, 0) 20! M(Yj41 —Yj—ag) =Yy — Yo —nag
edo

= log(1 ——=;)ifag >0 and Yo-1 M(Yj41 - Y) - a o —log(1 —e) if

— €
ag > 0,asn — oo.

We have also, for ag < 0, Prob{max(Yy, Y, ..., Yn) < x}
= Prob{max(Yy,a'g + Eg,...,a o + Eq_1) <X} = A(X) A" 1(x—ay)
=exp{—e*(1+ (nh— 1)ea'0)}
andso Prob{max(Yy, Yy, ...,Yy) —logn < x} = A(x —a ).
15.5 Some remarks on statistical decision for EME sequences

We have not obtained sufficient results even for simple and quick statistical
decision but some remarks can be made.

It is natural, in this initial phase, to divide statistical decision for the
EME sequences into two steps: statistical decision concerning the (essential)
parameters (ag,a o) and then, supposing (ag,a,) is known, to estimate
(Mo, 80) by the least squares method. In principle, the estimators of (ag,a )
must be independent of (A, 8) and those of the incidental parameters must
be quasi-linear, i.e., such that A5(a+ BX;) =a+ BAy(X;)and 8" (a+
BX;) =B 8p(X;) for —o0 < a < +00,0 < B < 400, as happens with the least
squares method; see Cramer (1946) and Silvey (1975).

Let us now suppose we are dealing with the “patterned” sequence {Y;}.

A test of constancy (ap = 0,a, = —o0) is not necessary; to devise tests
of independence (a, = —,a’, = 0) and of stationarity is very important. We
will consider only the important case where a, > 0.

As Yj/j = ag(> 0), a natural region for deciding ap > 0 is to accept

this hypothesis if {X; > A;}, which is also the Neyman-Pearson test of A > 0
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against A < 0 for the distribution A(x —2). Recall that n; —a, — log(1 +
ea'O
edo—1
e?)ifag < 0asj — oo;n; increases linearly with jifa, > 0, logarithmically

if ap = 0, and converges to a constant if ag < 0.

)ifa0>0,n]——logj—>a'0 if ap=0 , and n]-—>a'0—log(1—

Aj can be defined by imposing Prob{Y; < Aj|a; = 0} = aor A(Aj —
log(1 + earoj)) = aand so A; = log(1 + ea'oj) — log(—loga) still depending
on the fixation of the value a',.

A last remark: whena, > 0, as Yj;; =ag + Y; we have Y; = Y, + ag J,
so that after some steps (depending on the random Y, and on (ag,a,) ) we
will practically always have Y., = ao + Y; because Prob(a’, + Ej > Y, +

e?o

apj) = P 0 very quickly. In practice ay, can be estimated only by
e 0+ed0j

the first values of {Y,}, if possible. The difficulty is analogous to the no-jump
situation (non-increasingness) in extremal sequences/processes.

Statistical decision for EME-sequences is still open; the results given
here may be helpful in some cases for a first step.

Evidently if we have, or suppose, or assume, that the above processes
have margins that are not Gumbel but Fréchet or Weibull, by the usual
transformations, estimating the convenient parameters, we can reduce them to
Gumbel margins.

15.6 Sliding extreme (SE) sequences

Consider a (doubly) infinite sequence of independent random variables
... X_1,Xg,Xq, -, Xp, -.. Which are assumed to have Gumbel distribution.

We will suppose that if the sequence is stable the X; have the
parameters (A, 8), i.e.,

Prob{X; < x} = A((x — 1)/5),

but if the sequence is unstable the parameters are (A + (v +n 6)§,6) (v and
6 > 0 unknown), i.e., the distribution function of the X is

A((x=2) = (v+]6)8)/9).

We will obtain a test of 6 = 0 vs.0 > 0, i.e. stability vs. (positive) instability.
374



Statistical Theory of Extremes, 354-379, 2017 (Online Edition). J. Tiago de Oliveira

Here and in the next section will follow Tiago de Oliveira (1987).

Evidently, if the distributions of the observations are Weibull or
Fréchet, the usual log-transformations will reduce them to the present case, as
is well known and will be done later.

Thus we can write

where {Z;} are independent reduced Gumbel random variables with v = 0 and

6 = 0 in the stable case and 6 > 0 in the (positive) unstable case (linear
increase of the location parameter).

The underlying idea is that, although we assume independence either in
the stable or the unstable cases, independence will act as a reference pattern
for significance tests.

The nuisance parameter v > 0 can be interpreted as meaning that
instability began somewhere in the past (j, < 0), before sampling, or even can
absorb a wrong choice of A.

It is easy to show that if ryis the correlation coefficient between
P P
(1,2,..,n)and (X4, ..., Xp), 1, 2 0if6=0andr, - 1if6 > 0.

Note that if we take Y = W — e X, where X has the Gumbel distribution
with parameters (2, 8), then Y has the Weibull distribution

Prob{Y <y} = exp{—(%)l/‘s} fory<w
=1 fory=>w

with the location parameter (right-end point) W, the dispersion parameter
T = e~ — decreasing to zero if A - +oo and thus increasing the probability
Prob{Y >y} =1 — Prob{Y <y}, which is relevant to earthquakes - and
shape parameter a = 1/8; if we take Y = eX + w, with X also a Gumbel
random variable with parameters (4, 8), then

Prob{Y <y} =10 ify<w

=exp (-G} ify=w
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a Fréchet distribution with location parameter (left-end point) w, dispersion

parameter T = e - increasing with A — oo and thus seeming irrelevant for
applications - and shape parameter o = 1/6.

For earthquake applications Yegulalp and Kuo (1974) have shown that
the Weibull distribution gives a good fit, but accepting the Gumbel
distribution in some seismic areas; for the area considered in the case study
Ramachandran (1980) says that the Gumbel distributions gives a good fit; for
some remarks on global modelling for seismic areas see Tiago de Oliveira
(1984).

15.7 Statistical decision for SE sequences

The likelihood of the sample (x4, ..., X,) IS
A .
L = L(xy, ..., Xn) = 55 exp{— Z}(= —v—j0)}

exp {_ Zli] e_((xj_k)/ﬁ_v_j 9)},

and so the LMP test of 6 = 0 vs. 6 > 0 ( v assumed to be zero) is given by the
rejection region

dlogL ,
0 =
90 |9—0 —Cn

or
Y
Th = 21J exp(_X]T) < Cp.

In the tested stability (v=0,06=0), the exp(— %‘) = E; being
standard exponential random variables, the distribution of T, is that of 3.7 j E;,
with the {E;} independent.

It is obvious that if
Fn(c) = Prob{ ¥1j E; < c}
we have
Fo(o) <F_1(0) < <F(c)=1—-¢"°¢
with

Fn(0) < Fy_1 () — e~/ [e¥/Md Fy_ (),
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and so, for instance,
Fo(c)=14eC—2e7%2
Denoting by c, () the solution of F,(x) = 1 — «, we see that
Cp (@) > cpoq ().
We have
c1(0) = —loga, c,(a) = —21og(1 — V1 — )
which for a = .25, as
¢,(.05) = 2.9957323 < ¢, (.05) = 7.3522767,
gives an idea of the initial rate of increase of c,(.05).

If v# 0 and 6 = 0 (instability before the sample) the correct statistic
would be T, e™" (with T, as before), the correct region would be T,e™V < ¢,
smaller than T,, < c,,, thus giving over-rejection of stability.

T, has the mean value n(n + 1)/2, variance n(n+ 1) (2n+ 1)/6, and
we can show easily that

y Th—n(n+1)/2

n - /n(n+1) (2n+1)/6

is asymptotically standard normal; but this result is not very useful because we
will deal with small values of n in applications.

The test assumes (2, §) known (stable case); we can presume it in some
cases, such as earthquakes, because for each seismic region the long history
gives sufficiently good estimates of the parameters to be used.

If we were dealing with the Weibull distribution, with location
dispersion w, dispersion parameter t, and shape parameter a, the statistic T,
takes the form

. WYiiq.
T, = 2111] (T])a:

when dealing with the Fréchet distribution with location parameter w,
dispersion parameter T, and shape parameter a, the statistic T,, is

LYW,
Ty ZZI{](]T) *,
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The distribution of T,, in all three cases is the same, in the stable case.

Let us now consider a case study, the waning down of the Santa Barbara
earthquake of 13" August 1978.

The daily maximum magnitudes for 13" August and the following days
until 27" August, with no observation at the 27", are

Table 15.2

Day 13 14 15 16 1v 18 19 20 21 22 23 24 25 26 27

Mag. 51 31 24 27 26 23 23 31 26 21 23 24 21 27

as given in Corbett and Johnson (1982).

Taking the last six daily maxima of the paper, which goes to 30"
September (2.0, 3.5, 1.9, 2.0, 2.0, 1.8), the Leiblein-Zellen estimators - see
Chapter 5 for details - are A* = 1.980 and 8" = .314, and the estimates given
by Ramachandran (1980) for the area (case ¢ ) are A*™* = 1.825 and 6™ =
1/3.425 = .292. For simplicity we will take A = 2.0 and § = .3. Using the
first six observed daily maxima after the earthquake, in reverse order to take
account of the expected downward trend, we get

T, = 3¢ jexp(— L) = 3.3688867 < c;(0.05);

we must conclude that a downward trend exists. The closeness of the values of
(A", 8") and (A™*, ") can be interpreted as meaning that after, approximately,
two weeks the usual stability was practically attained.
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