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10.1 Introduction

Bivariate asymptotic distributions of maxima are useful for the analysis of
many concrete problems such as the greatest ages of death for men and
women, each year, whose distribution, naturally, splits in the product of the
margins, by independence; floods at two different places on the same river,
each year; bivariate extreme meteorological data (pressures, temperature,
wind velocity, etc.), each week; largest waves, each week, etc. The same can
be said for the study of minima. Extensions to multivariate distributions, more

complex, will be made later.
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Evidently, the aim of study of asymptotic distributions of bivariate
extremes is to obtain the asymptotic probabilistic behaviour, and also to
provide bivariate models of (asymptotic) extremes that fit observed data. But,
as will see in the next chapter, only some problems have been solved and the
methods found so far cover a much smaller area than the theory for univariate
extremes.

10.2 The distribution of bivariate extremes

The theory of limiting bivariate (and multivariate) extremes, to a certain
extent, follows the same lines of limiting univariate extremes. For simplicity
of the exposé we now consider the bivariate case; the multivariate case will
appear as an extension in a following chapter.

Let (X,Y1), ..., Xy, Yx), ... be a sequence of i.i.d. random pairs with
distribution function F(x,y) = Prob{X < x,Y <y} and survival function
S(x,y) = Prob{X>x,Y >y} =1+F(xy) — F(x,+%) — F(+00,y) ; the
inversion of the last relation expresses F(x,y) in S(x,y) by F(x,y) =1 +
S(x,y) —S (x,—o0) — S(— oo,y) because, as known, we have F(x, +) +
S(x,—0) = 1 and F(4+o0,y) + S(—o0,y) = 1. The survival function plays the
same réle for minima as the distribution function played for maxima.

k k
The random pair (max X;, max Y;) has the distribution function
1 1
k k
Fr(x,y) = Prob{max X; < x, maxY; <y} = F*(x,y).
1 1
k k
The probability of (maxX;, maxY;) being an observed point is,
1 1
evidently,
k k oo
T = kProb {max X; =Xy, maxY; =Y;} =k [ [*_F< ! (x,y) dF (x,y)..
1 1

If F(x,y) splits into its margins F(x,y) = F(x, +).F(4o0,y), we have

me = 1/k. It is well known (see Fréchet, 1951) that max(0, F(x, +o) +

F(4+00,y) — 1) < F(x,y) < min (F(x, +o0),F(+0o0,y)) with the bounds

attained; if F(x,y) is equal to the LHS we have m, = 0, and for the RHS we
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get m, = 1 because in the first case we have F(x, +00) 4+ F (+00,y) = 1 with
probability 1, and in the second we have F(x,+o) = F (4+o0,y) with
probability 1.

k k
For the random pair (min X;, min Y;) we have Sy (x,y) = S¥(x,y) inan
1 1
analogous way, and the distribution function of the pair of minima is

k k

Prob{min X; < x,minY; < y} = 1 + SX(x,y) — S¥(x, —00) — SK(—00,y) =
1 1

1+ (1 +F(x,y) — F(x, +9) — F(4+0,y))X — (1 — F(x, +0))X — (1 + F(4+,y))X.

k k
The probability 'y of (min X;, min Y;) being an observed point is also
1 1
1/k for the independence case and 0 and 1 if F(x,y) is equal to the LHS or

RHS of the corresponding Fréchet inequality.

As before we will stick essentially to the study of maxima, the

k
conversion to minima being immediate by the relations minX; =
1
k k k
— max(—X;) and min Y; = — max(—Yj;); note that the distribution function of
1 1 1

(=X,=Y) is Prob{—X<x,—Y <y} =Prob{X > —x,Y = —y} = S(—x,—y)
in the continuity points (with right-continuity continuation in the discontinuity
set) and thus, here, all over the plane because the limiting distributions are
continuous.

Note, as a hint for applications, if (X;,Y;) are floods of the same river at
two different points they must be dealt with as maxima; but if (X;,Y;) are
droughts at the same two points they must be dealt with as minima, i.e.
(—X;, —Y;) will be dealt with as maxima.
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10.3 The limiting distribution of maxima

An important question, both theoretical and applied, is to find out,

analogously, as was done in the univariate case, if there exist positive linear
k k

transforms of (max X;, max Y;) such that the reduced random pair
1 1

k k
((max X — Ax)/8y, (max Y; — A'k)/6'%),
1 1

whose distribution function is

k k
Prob{(max X; — A)/8k < %, (max Y; — M) /8'k <y} = FEQy + S x, Xy +
1 1

8w y) bt L(x,y), i.e., has a limiting, non-degenerate and proper distribution.

As a consequence we know that FK(Ay + 8y x, +00) ¢ L(x, +) and
FX(400, N + 8k V) ¢ L(4+o0,y) — see Deheuvels (1984).

Evidently, as we dealing with maxima, the marginal distribution
functions L(x,+o) and L(+oo,y) must be of any of the three forms —
Weibull, Gumbel or Fréchet. As they are easily translated from one to
another, as seen before, we will suppose that the margins have a reduced
Gumbel distribution function, i.e. L(x, +o0) = A(x), L(4+,y) = A(y). As the
margins are continuous, so is L(x,y) and, thus, the convergence Fk(xk+

’ , w . . . .
Ok X, Ay + 8 y) — L(x,y) is also uniform. For notational convenience, we

will denote by A(x,y) the limiting distribution functions L(x,y) when the
margins have a reduced Gumbel distribution function.

The special case where we have minima with reduced exponential
distribution will also be considered, sometimes by duality, but the kernel of
the Chapter, as well as the next ones, is the case of maxima with reduced
Gumbel margins.

Let us show that A(x,y) = e~ +e™)k=%) where k(.), called the
dependence function must satisfy some conditions to be seen later.

The proof of this result is simple.
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As FRO\ + 8 X, X + 8k y) = A(x,y) also

FXM Qgem + Skm % XVkm + 8'km ¥) = A(X,y) or

FK™ (4em + Sjem % Nkm + 8'kem ¥) = AY™(x,y).

By Khintchine’s convergence of types theorem we know that there
exist coefficients

O, Bm > 0,1, B'm > 0 such that
AY/m xy) =Alam +Bm X m + Bm Y-
Using this relation for the margins (i.e., puttingy = 4+ or x = +0)

we get Al + By x) = AV (), Ay + B y) = AY™(y) and  thus
oy = Oy, = logm, By, = P’y = 1, and so

A(x,y) = A" (logm + x,logm +y).
Let ustake m = [kt],t > 0, the integer part of (k t). We have
A(xy) = AKX (log [k t] + x,log [k t] + y).
Substituting x — log k for xand y — log k for y, we get
A(x —logk,y —logk) = AK(x,y)

and also A(x—logk,y—logk) = AXt(log [kt] —logk + x,log [k t] —
logk +y)

so we have A%, Y)Y = A(log[k t]/k + x,log [k t]/k + y) and
letting k — oo, by continuity, we get the final stability relation (t > 0):
A(x,y) = At(logt + x,log t + y).

Forx + logt = 0 it gives

Axy) = [AQ0,y —=x)]° ",

which can be put under the form

A(xy) = exp{—(e™ +eV) k(y — x)}

as said before. The dependence function expresses the probabilistic inter-
relation, or association, between the margins.
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An actual characterization of the distribution function A(x,y) can be
made in the following way. It is immediate that a random pair (X,Y) with
distribution function A(x,y) is such that max(X +a,Y + b) has a Gumbel
distribution function with a location parameter. But, also, the converse is true.
In fact puttingz —a=x,z—b =ywe have L(x,y) = A(z— 9(z—x,z —Y))
independent of z, from which we get @(§,n) =&+ ¢@(0,n —%), and then
(1+e %) k(w) = e®®~W) Thus:

A(x,y) is the only distribution function L(x,y) such that
Prob{max(X +a,Y +b) <z} =L(z—a,z—Db) = A(z— ¢(a,b)).

Another approach may be the following: let us call the structure
function of a bivariate distribution function F(x,y) with continuous margins
A(x) = F(x, +o) and B(y) = F(+o,y) the function S(¢,n) such that
S(A(®), B()) = F(xy);

S(€,m) is a bivariate distribution function with uniform margins, defined in
the unit square [0, 1] x [0, 1] and is continuous.

Then any structure function of the limiting distribution functions of
bivariate extremes verifies the functional equation (0 < w < +0)
S, m) =SE°,n);

Let S, denote the (initial) structure function of the distribution function
with margins A(x) and B(y) and suppose, as before, that the marginal limiting
distributions are A(x) and A(y), with Ay, 8 > 0,1y, 8'x > 0, as a system of
attraction coefficients. We then have
& = FXQy + 8k X, +0) = A(x)

Nk = FX(+00, Xy + 8 y) = A(y)

and  FXQy + 8 %, V1 8k y) = SKE/ /™). Let us now show that

S ™) has a limit S(g,n) when, & —&,m>nif and only if

Sk (El/k,nl/k) — S(&,M). The “if> part is obvious; let us show the converse.
As & = &Mk — 1, for n > N(e), we have

sk =&l <emMk—m|<e

and, thus,
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1/k

G-V <g/ E+ek
1/k

M-k <n/ m+ ek

so that

SK(E— Y, (m— o)) < Sk ™) <SK(E+ Vs, m+ vk

and every possible limit of §'g(§11(/“,n11(/k) is between S(E—¢&,1n —¢) and

S(€ + &1 + ¢£); owing to the continuity of S(€,n) we have the desired result.
We must now characterize S(€,m). As SK(EVX n1/%) - S(€,n)and
S¢ F (g Kk /KKy - 5, m), putting € = £/X, 1" =n'/K we have
§k'k (El/k'k'nl/k'k) — [gk(g'l/k,n'l/k)]k' )
and letting k — oo we have
SGE.m =5KE,n)
that is SK(E,m) = SE ™), and subsequently
Sm/k(€,n) = S(g™/k,n™/k), By the continuity of S(&,7), for every o > 0,
we have
S®(&,m) = SE“,n®).
The solution of this functional equation can be written under the form

_ k(1 log§
S(E,m) = (€.m)" (*Boen,

Taking, as stated, the reduced margins to be A(x) = exp(—e™™) and
A(y) = exp(—e™Y), we have the following fundamental result:

Any limiting distribution function of bivariate pairs with reduced
Gumbel margins is of the form
Alx,y) = exp{—(e™* + e ) k(y — x)} = A(x)A»)}*¥¥ = and conversely

When the asymptotic extremal pair (X,Y) does not have reduced
margins, that is X and Y have location parameters Ax, Ay and dispersion
parameters 8, > 0,8, > 0, the distribution function of (X,Y), as ((X-—
) /8y, (Y — Ay)/8y) has reduced margins, is A((X — A,)/8x, (F — A,)/8y).
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We have shown in two ways that the limiting and the stable distribution
functions of extremal pairs form the same class.

Let us now deal briefly with minima as X, = min(Xy,...,Xy) =
—max(—Xy, ..., —Xx) and Yx = min(Yy, ..., Yx) = —max(-Yy, ..., —Yy), the
asymptotic distribution function of minima with reduced Gumbel margins
1 —exp(—e*) and 1 —exp(—eY), if they exist, and correspondence with
{A) . AW, is

Y(x,y) =1 —exp(—e*) —exp(—e¥) + exp(—(e* + &) k(x — y)).

k k
Using the fact that min (Y;) = — max(—Y;) we can also prove easily
1 1
k k
that the limiting distribution of (min X;, max Y;), if it exists, is
1 1

0(x,y) = A(y) — A(=x,y) = exp(—e™Y) — exp[—(e* + e V)k(y + x)].

We have obtained the dependence function k(w) obviously continuous
and non-negative for A(x,y) to be a distribution function as well as the
corresponding functions in other equivalent representations. These results are
well known. They can be found, with different forms for the margins, in
Finkelshteyn (1953), Tiago de Oliveira (1958), Geffroy (1958/59) and Sibuya
(1960), with a synthesis of the results in Tiago de Oliveira (1962/63).
Subsequent results are in Tiago de Oliveira (1975), (1980) and (1984).
Berman (1962) gives also some limiting results and Galambos (1978) contains
also a recent account.

Let us now obtain some inequalities for A(x,y)or k(w)which will
simplify some of the derivations below. Although A(x,y) is a continuous
function, it does not necessarily have derivatives, and consequently we cannot
expect all bivariate maxima random pairs with distribution function A(x,y) =
[AX) A(Y)]XO= to have a planar density. From the Boole-Fréchet inequality
— Fréchet (1951) —

max(0,A(x) + A(y) — 1) < A(x,y) < min(AX)A(y))

we have, replacing x and y by x + log k and y + log k, raising to the power k
and letting k — oo, the limit inequality
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AX) A(y) < Axy) < min(A(x) A(y))
or

exp{—(e™* + e7Y) < A(x y)} < exp(—e~minGxy)),

The LHS inequality shows that we have positive association, that is
Prob{X <x,Y<y}+Prob{X >x,Y>y} is larger or equal to the
corresponding values the case of for independence for all x and y, which
means that if we have a large (small) value of X, the value of Y, tends also to
be large (small). A(x).A(y) is, evidently, the independence situation;
min(A(x), A(y)) is called the diagonal or complete dependence case where
we have, for reduce values, Prob{Y = X} = 1. As regards k(w), we have

1/2 < max(1,e") <k -1
(1/2S) == skW) < 1;
_ max(1,e%) . - -
kp(w) = oW = Troowl 1 the dependence function corresponding to the

diagonal case and k, (w) = 1 is the dependence function for the independence
situation. Positive association, shown by Sibuya (1960), is a result that could
be expected.

Remark that for S(£,n) defined above we have €n < S(E,n) <
min(g,n).

If there exists a planar density almost everywhere, i.e., if k”(w) exists
almost everywhere, k(w) must satisfy the relations:

k(~o0) = k(+e0) = 1,
[1+eY)k(w)] =0,

[A+e™) kW] <0,

and

1+e ™KW+ 1A -e")K(w) =0,

easily obtained by derivation; the corresponding conditions for the general
case are, as Az, A(x,y) = 0:

k(=) = k(+») =1,
1+ e"™) k(w) a non-decreasing function,
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A+ e ™™M)k(w) a non-increasing function,

and

Az [(e™+e)k(y—x)] <0.

Note that as (1 + e") k(w) and (1 + e™") k(w) are monotonic (non-
decreasing and non-increasing), we know that k’(w) exists everywhere except
for a denumerable set of points of IR.

We will follow the proof of Tiago de Oliveira (1962/63).
As is well known, A(x,y) is such that
1) A(X, +0) = A(X), A(+0,y) = A(y) (margin conditions)
2) A% A(x,y) = 0. (non-negativity condition)

As A(x,y) is a continuous function, k(w) is also a continuous function.
Condition 1) is easily seen to be equivalent to

) k(=) = k(400) = 1.

Consider condition 2). It can be written as

exp{—(e™ + e V) k(y — %)} + exp{—(e™* + e ™) k(n — §)}

> exp{—(e™ + e ™M k(n — )} + exp{—(e~* + e V) k(y — &)}
forx<g&,y<n.

We will show that 2) is equivalent to

I (1+e") k(w) a non-decreasing function,

Hy (1 +e ™) k(w) a non-increasing function,

IV) {(e™ +e V) k(y—x) + (e + e M k(n - §}

> {(e™+e™MkM -} +{(e*+e ) k(y -}

forx <%, y<nm.

I1) and III) are obtained taking, respectively, y - —co and x — +oco. To
show V), let us put

Z =exp(—e~%),A = (e"* D 4 e O D) k(y — %),
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B=(1+e MD)k(n-7,C= (e +e ) k(n -x),
D=(14e 0 ¥ky-¥).

Conditions 2) and 1V) are written as (A,B,C,D > 0)

2) Z7A+72B>7C+7P

IV)A+B > C+D.

Letting § vary with x,y,n but such that x — &,y —&,n — & are fixed,
A, B, C,D are also fixed. We then have to prove the full equivalence of 2) and
I1) under the new form for fixed A,B,C,Dand 0 < Z < 1.

Let us then consider the function f(Z) =Z 2 +Z B —-72"C¢—-7"D As
f(Z) = 0 by 2) and f(1) = 0 we have f'(1) < 0 so that IV) is true.

Let us now prove the converse, i.e., that Il), 1II) and IV) imply 2).
Conditions I1) and I1l) give A>D,C > B.

Let us prove now 2). Supposing IV) to be true, we have
72747278 >77C 77D andthus
77A 778

7€ )

max (Z7¢4+7Z7P) < max (Z7¢+
A+B=<C+D B=<C=<A
B<C,D=<A

The RHS function of C € [B,A] has a minimum at C = % and the
maximum value in the interval is attained at C = A and C = B with the value
Z7B 4+ 7~A. We have then proved Z ™4 +Z7B > Z7C + 727D as desired.

If we are dealing with minima with exponential margins, corresponding
to the transformation § =e ™, =e™Y, the asymptotic distribution for
£,1 =0 takes the form W(x,y) = 1 — e~ 5 — e + e~ G+MAM/G+m) or the
survival function S(&,n) = e"G*WAM/G+) |t can be shown that the
conditions for k(.) are equivalent to

A0) = A(1) =1,
0<—A(0),4(1) <1

and  A(u)convex in [0,1].
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The functions k(w) and A(u) are related by k(w) =A(1+1ew) or

A(u) = k(loglgu). We have A(u) =1 for independence and A(u) =
max(u, 1 — u) in the diagonal case, with, also, max(u,1 —u) A(u) < 1.

Another formulation is
A(0) = A1) =1,
max(u,1—u)<Aw) <1
and A(u)convex in [0,1].
10.4 Complementary basic results

Some properties can be ascribed to the set of k(w). The first one is a
symmetry property, i.e., if k(w) is a dependence function, then k(—w) is also
a dependence function. The proof is immediate if we consider the conditions
in the differentiable case (where a planar density does exist) and slightly
longer in the general case. If k(w) = k(—w) then (X,Y) is an exchangeable
pair and A(x,y) = A(y, x).

Also it is immediate that if k; (w) and k, (w) are dependence functions,
any mixture 6k, (w)+ (1-06)k;(w),0<6<1is also a dependence
function. The set of dependence functions is, then, convex. And this convexity

property

M y) = Axy). A5 °(xy)

is very useful for obtaining models: the mixed model, as well as the Gumbel
model, are such examples. We will call this way of modelling the mix-
technique.

As a generalization, it can be observed that if G(u) is a distribution
function in [0,1] , then k(w) given by (1+e™)k(w)= [ (1+
e”W/")U d G(u) is also a dependence function.

Another method of generating models is the following max-technique.
Let (X,Y) be an extreme random pair, with dependence function k(w) and
reduced Gumbel margins, and consider the new random pair (X,Y) with
X =max(X+a,Y+b),Y=max(X+cY+d). To have reduced Gumbel
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margins we must have (e? +eP)k(a—b) =1 and (e€ + e?) k(c —d) = 1.
Then we have

[emax(@tw.) 4 gmax(b+w,d)] kimax(a + w, c) — max(b + w, d)]

k(w) = 1+e%

with (a,b) and (c,d) satisfying the conditions given before. This max-
technique will be used towards the end of the paper to generate the biextremal
and natural models.

Let us stress that independence has a very important position as a
limiting situation. If we denote by P(u, v) the function defined by Prob{X >
X, Y >y} = P(F(x,4+),F(+00,y)) , Sibuya (1960) has shown that the
necessary and sufficient condition to have limiting independence is that
P(1—-s,1—s)/s—>0ass— 0. He also showed that the necessary and
sufficient condition for having the diagonal case as a limiting situation is that
P(1—s,1—s5s)/s = 1ass — 0. With the first result we can easily show that
the maxima of the binormal distribution has independence as a limiting
distribution if |p| < 1.

Also Geffroy (1958/59) showed that a sufficient condition for limiting
independence is that

1+F(xy)-F(xwy)—F(wy,y)
1_F(X'Y)

-0 as x—> wyandy - wy,

Wy and wy, being the right end-points of the supports of X and Y.
Sibuya conditions (and Geffroy sufficient condition) are easy to
interpret: we have limiting independence if Prob{X > x,Y > y} is a vanishing

summand of Prob{X>xorY >y} and the diagonal case as limit if
Prob {X > x,Y > y} is the leading summand of Prob{X > xorY > y}.

We have asymptotic independence when S(£,7n) = &, 7, that is, when
SK(EVk,m1/%) - &,m. The sufficient condition for independence given by
Geffroy can be proved in a simpler way, as follows. It is equivalent to:

If —1;%;_5;7@ -1 when ¢,n -1 then S(§',m) = ¢ 1.
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AsSy(E,m) =1—(2—-&—n) h(E,n), withh(,n) > Twhen &,n -1, we
have S GV Y9 = (1 - @—§/X =0 h (8 ) - g
because

h (g'/* ,nl/k)k — 1 whenn — oo.

Its meaning is straightforward, and, in general, we can expect extremal
pairs to be asymptotically independent. Mardia (1964) proved that the sample
extremes of a bivariate pair are independent under very general conditions.

A simple example now shows that we can have non-independence
cases. Let (X,Y,Z) be three independent random variables with the same
distribution function F . The distribution function of the pair
(max(X,Z), max(Y, Z))is P(x,y) = Prob{max(X,Z) < x,max(Y,Z) <y} =
F(x) F(y) F(min(x,y)) and the one for the maxima in a sample of k pairs it is
Pr(xy) = PX(x,y). Its margins are

Pi(x, +00) = F?X(x), Pk (+00,y) = F?(y).
Supposing now that for A, and &, > 0, we have
FE\ + 81 2) = A(z)
we obtain
Pr(A2k + 62k X, Az + 82k ¥)
= F*i + 821 ) F¥(Aai + 821 y) F¥(Azi + 82 min(x, y))
and we have
Pk + 82k %, Ao + 8510 y) = AY2(x) AY2(y) AY2(min(x,y)),
a case with does not correspond to independence.

It can be remarked that P(x,y), as well as the limit, does not have a
planar density.

Sometimes it is usual to study the equidistribution and equidensity
curves (if they exist). The latter are very difficult to deal with so that we will
restrict ourselves to the former.

The equations of the equidistribution curves
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Axy) =a O<a<l

have the form

(e*+eV)k(y—x)=—loga (0< —loga < +).

From these equations we see that the translations parallel to the first
diagonal

X->xXta=x

xoy+ta=y

transform the first curve in the other equidistribution curve
(e X +eY)k(y —x) = (—loga) e™2

Consequently we can centre the study of those curves in the median
curve A(xy) =1/2,thatis

(e™*+e¥)k(y —x) =log2.
As k(—0o0) = k(+00) = 1, the asymptotes to the median curves are
x = —loglog2 and y = —loglog2.

As these asymptotes are independent of the dependence function, the
equidistribution curves behave similarly for large values of x or y, as could be
expected, and, then, like the median curve for independence. The relations
deduced from Fréchet inequalities yield the double inequality

e Min(xy) < log2 < e X+e7Y,

showing that any median curve is, necessarily, between the median curves
corresponding to the independence

e *+e Y =log2

and to the diagonal case

min(x,y) = —loglog 2

which degenerates in part of the asymptotes.

Consider now the random variable W =Y — X, the difference of
2
reduced extremes. We have, evidently, M(W) =0 and V(W) = 1T?(1 - p).
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2
Recall that as V(X) = V(Y) = n?/6 the covariance C(X,Y) = “? p exists as
well as the correlation coefficients p.

When p = 1 we have V(W) = 0; W is a random variable almost surely
equal to zero and we have Y = X almost surely. We then have the diagonal
case.

Let us denote by D(w) = Prob{Y — X < w}; we have

+e X+w 62/\ +e
D(w) = f dxf_Oo dyaxay: f dx A;(X,x+ w)
where
aA(X'Y) —X —-X - )
A (xy) =T=A(XJY){3 k(y—x)+(e™*+e)k({y—x}
so that
+ oo

D(w) = f dx e~¢ A+ kW e=X (k(w) + (1 + e"W)K' (W)}

B 1 k' (w)
T 14e W k(w)
as is obvious.

The relations between D(w) and k(w) are immediate. Integration
between 0 and w of the differential relation gives

(1+e") k(w) = 2k(0) exp [;'D(w) dw,
and letting w — —oo(k(—o0) = 1) we obtain

exp f_woo D(w)dw
(1+eW)

k(w) =
Note that f_om D(w) d w and f0+°°(1 — D(w)) d w exist and are equal
because W has mean value zero.

The conditions for k(w) are immediately translated into conditions for
D(w) so that
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D(w) = Prob{Y — X < w}
verifies the following relations (apart from being a distribution function):
f_ooo Dw)dw = f0+oo[1 —Dw)]dw or f:: dwDw) =0
and
D’(w) = D(w) [1 — D(w)].
We can also write
D(w) =K' (w)/k(w) + L(w),
where L(w) = (1 + e™") 71 is the standard logistic distribution function.

We have D(w) = L(w) in the independence case and D(w) = H(w)
where H(w)is the Heaviside jump function at 0,H(w) =0 if w < 0 and
H(w) = 1ifw > 0 — for the diagonal case. In the case of exchangeability
(k(w) = k(—=w))we have D(w)+ D(—w) =1, and W has a symmetric
distribution.

As said before, K’'(w) exists everywhere except for a denumerable set
of points and thus D(w) is defined everywhere: directly almost everywhere
and at the discontinuity set by the right-continuity of the distribution function

D(.).
Let us denote by ID(w) = f_woo D(t) d t; we have seen that

The conditions on the distribution function D(w), in the case of the
existence of planar density, are then

+00
-f wd D(w) =0
or equivalently

f (H(w) — D(W))dw =0
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and
D’(w) = D(w)(1 — D(w)).
More generally, the last condition is substituted by
AZy[exp(ID(y —x) —y] <0
which is equivalent to
elD(W) _ gID(W-a) < e—B[eID(w+B) _ eID(w+B—(x)]
with o, B = 0, equivalent
e®W) (1 — D(w)) < ePW-9(1 - D(w — a))
or that
P (1 — D(w))
IS a non-increasing function.

Note that ID(—o) =0,ID(w) —w — 400, ID(w+ ) —ID(w) <
B(B > 0),elPW) — eIDW=) < oW_eW=a(y > ) max(0,w) < ID(wW) <
log (1 + eY) (from Boole-Fréchet inequalities), f_ooo D(H)dt= f0+°°(1 —
D(t)dt (from the null mean value), D(w)eP™ <eW and (1 —
D(w)) e'®™ < 1 (by convenient integration of D’ > D(1 — D)).

Let wand w(w<0<w,w=w=20 in the diagonal case and
w < 0 < w in the other cases) be the left and right end-points of D(w).

Forw > w,if w < oo, we have
IDw) = [ DO dt = [ DO dt+w—W;

as
ID(w) —w = JD(t)dt—W—)O

— 00

we have

w=[" DOdt,
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a result that is also true w = +oo,

Consider now, for w > —oo,

[,7a-Dp®)de= fv_3(1 -D®)dt+ [F7(1-D®)dt=

0
—w—fD(t)dt+f (1-D()dt=—-w

0

which is also true w = —oo.

If both w and w are finite we have
w=[yDMdt and w=-[1-D®)dt

The symmetry condition (exchangeability) k(w) =k(—w) is
equivalentto D(w) + D(—w) = 1 or ID(w) = w + ID(—w).

From the conditions on D(w) we can give new methods of generating
bivariate models of maxima, as follows, essentially for absolutely continuous
distribution functions. The most natural is the one that follows.

In [w, W], the support of D(.), we can define the function ¥(w) =

D’(w) . . .
D) (D) > 1. Notice that as a consequence every point of [w,w] is a

point of increase of D(.), and thus the quantiles are uniquely defined. From
the absolute continuity we have D(w) = 0 and D(w) = 1. Note that w <
0 < w, as the mean value is zero.

Let us fix v as the median. Integrating the differential equation D’ =
D(1 — D)W we get, with ¥ (w) = [ ®¥(t)dt,

1
D(wlv) = T4e- (P W) TFW)’
and thus the relation between D(w|v) and D(w]|v’) is

D(w|v)
D(w|v) + e~ K(1 — D(w[v))

D(w|v) =

with K = [7W(t) d t and the same support.
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As W(w) > 1 it is immediate that [ W(t) dt > (w—v) for w > v.
We get, thus

PO = e

and for w < v, analogously, we obtain

1
Tre (v’

D(wl|v) <
results not known previously.

Having fixed, temporarily, the median at v(w < v < W), the condition
fjozowd D(w|v) = fj:[H(w) —D(w|v)]dw = 0 reads as
I(K) = 0 where

W _ D(w]|v)
I(K) = fw [H(w) D(w|v)+e~K(1-D(w|v))

1dw.

As I(K) - w when K — +o0,[(K) > W when K— —oco and I(K) is
increasing, we see that the solution of I(K) = 0 is unique. The unique solution
K, of I(K) = 0 leads to

v
j Y()dt =K,
v

and, as W(w) = 1, the only solution for D(.) is immediately obtained. It is
thus sufficient to give an integrable function W(w) = 1 in every finite interval
[w, W] to obtain the unique D(.) related to it. For simplicity we can take
v=0.

10.5 Correlation results

The results concerning correlation that follow and the regression results to be
given later, to a certain extent, illuminate some other features of the situation.

Let us now compute some widely used correlation coefficients.
The classical correlation coefficient always exists as shown before and

. 6
Isp=— CX,Y).

A known expression for C(X,Y) is
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+ 00

CXY) = f f[F(x,y) — F(x,40) F(+o,y)]dx dy

which, in our case, takes the form

CXY) = [*7 [[AGxy) — A() A(y)] dx dy,

and because of the positive association we have C(X,Y) = 0, substituting the
expressions of A(x,y), A(x) and A(y) and using the change of variables

e V=eX4+eY
W=y —X,

we obtain

-V

CX,Y) = f:: d wfj: dv[e=e kW) _g=e™],

Let us now compute the inner integral. It can be written as
f0+00(1 —e ¢ )dv— f_ooo e dv+ f_ooo e e kWqy — f0+00(1 -
e e kW gy,

The first two integrals, being an expression for M(X), add to y.
Changing vto v = z + log k(w) in the two last integrals, we have after simple
computations for the inner integral

0 +o0
Y+ je‘e_zdz—j(l—e‘e_z)dz— f dz = —log k(w)
- 0 —log k(w)

because the two first integrals add to —y.

We then have the expression:

+ 00

CXY) =— f logk(w)dw =0

— 00

and thus the classical correlation coefficient for A(x,y) is
p= —% f_Jr::logk(w) dw;

when needed we will write p(k) to indicate the dependence function.
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From the expression of D(w) we can obtain once more in the
differentiable case, also the expression p = —n— i log k(w) dw. Let us
give the supplementary proof.

Let us recall first that the existence of the variance V(W) implies that
limyy_,_o w2 D(w) = 0 and lim,,_,., w? (1 — D(w)) = 0, and, as the same
happens for the logistic 1/(1 4+ e™"), those conditions are equivalent to
2 K (W)

k(w)
have the general relation (M(W) being zero)

limy 00 W = 0. As the variance of the logistic (p = 0) is m?/3, we

2 P P w
VW) = (1 —p) = [ wdD@w) = [17w dr) + 17 w? ()
so that
+00 k'(w)
~To= [1T WG,
Integration by parts gives

W km K(w)
TP=2 0w gy

the integrated parts being zero as a consequence of

. 2 k'(W) _
llmw_)iooW —k(w) =

The last integral is equal, by integration by parts, to
[* 2 logk (w) d w,

with the integrated part w log k(w) — 0 when w — +oo, as follows from the
Fréchet derived inequalities.

We can summarize the results by giving the equivalent expressions for
p:

3 6
p=1—¥ J wde(w)=1_[—2 f w{D(w) —L(w)}dw

== J20L® - ID®)dt = —= [*~logk(w) d w.

1-[2
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As k(w) < 1(—log k(w) = 0) we have 0 < p, as could be expected from the
positive association. It is very easy to show that for the diagonal case

Ky (w) = max(1,e")

A 1+ev

we have p = 1. The value of p does not identify the dependence function (or
the distribution): p is the same for k(w) and k(—w). Butp = 0, as k(w) < 1,
implies k(w) = 1, or independence. Now writing p under the form

_q4_ 6 (t@ k(w)
p=1-— . log—kD(w)dw,

we see, analogously, that p = 1 as k(w) = kp(w) implies k(w) = kp(w), or
the diagonal case.

For the non-parametric correlation coefficients used, see Fraser (1957)
and Konijn (1950) for details.

With the expression

x=12 ffA(X,y)dA(x)dA(y)—3

for the grade correlation coefficient we immediately find that the grade
correlation coefficient has the expression

eW

+00
x=12/, ey arkamy? AW T3

It is immediate also that as k(w) < 1 the integral in the final expression
for x is greater than

w dw

f+00 e
- (1+eW)2 " 4

=% sothat x=0.

Other expressions for x are
eV eW

(1+eW+elD(W))2

dw— 3.

+00 +oo
x=12/, rem? (arkayz AW T3 =12 I

For the difference-sign correlation coefficient

t=4 [T [Axy) dAX,y) -1,
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in the case of differentiability, we show that the expression for the difference-
sign correlation is

. f+00k’(w)2dw_ 2 f+oo eW

T - k(w) —© (1+eW)?2

logk(w)d w,
which can also take the form
t=1-[""Dw)A-DW)dw = [ (D*(W) — L2 (W))d w.

By integration by parts of [T Dw)(1-D(w))dw
as f_+;° w d D(w) = 0, we get the simple expression
T=1- fj;wd D?(w).

Finally for the medial correlation coefficient
v =4[A 1) — AW A[D] = 4 A0 R - 1,

fi=—loglog2 being the median, we see that the medial correlation
coefficient has the expression v = 4170 _ 1(> ).

The probability of concordance, that is, the probability that the two
pairs (X4,Y;) and (X,,Y,) are such that X; — X, and Y; — Y, have the same
sign, being given by (1 + 1)/2, is always greater than 1/2.

As an index of dependence we can, also, use

A(k) = sup A Y) = A) AW = S;lyp[/\(x, y) = AAY)]

as follows from positive association.

Computations show easily that if k(w) is differentiable and wy, is such
that k’(wgy) = 0 the value of A(K) is, with ky = k(wy),

A(K) = klgo/(l—ko) _ ké/(l_kO);

for k(w) = k(—w) we have wy=0. It is very easy to see from the
expression of k’(w) has only an interval of solutions so that k(w) has the
same value for all wq in the interval (a minimum). The same result an be
obtained directly without recourse to the hypothesis of differentiability, as
follows.
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Denoting by Z = A(x) A(y), the expression of A(k) can be written
(askiw) < 1)
sup  (ZkKW —7)

—00SWES +00
0<Z=<1

which for fixed Z(< 1) has the maximum for the minimum kq = k(w,) of
k(w). The maximum of ZKWo) — 7 is given by the previous value. Then the
index of dependence

Ak) = s;lf [A(xy) — A(X) A(y)]

has the value A(k) = kko/(7%0) — g 1/07Ko) i “heing the minimum of k.

It can be recalled that the classical correlation coefficient is linearly
invariant (independent of the margin parameters) and that all the others are
transformation invariant (non-parametric).

Consider, finally, the case for bivariate minima with standard
exponential margins. Then the mean values and variances are equal to 1; the
covariance (evidently equal to the correlation coefficient) is, using the same
formula as the one at the beginning, transformed to survival functions,
En=0)

+00

p=c<z,n>=j j(s&,n)—so(z,n)dzdn

0

where Sy(£,1) = e% e ™M is the survival function for independence. By the
change of variables s = £ +n,u =n/(§ + 1) we get

1 +o0 1
p=f0dufo (e‘SA(“)—e‘S)sds=fO (1/A%2(u) — 1)d u

= [fA2(Wdu—120 as (1/2 <)max(u,1—u) < A(w) < 1

with the value p = 0 for independence (A(u) = 1) and p = 1 for the diagonal
case (A(u) = max(u, 1 —u)) as should be expected. Recall that p is linearly
invariant although in this case only scale invariance matters.

The other dependence indicators, being non-parametric, have the same
expression, after transformation from k(w) to A(u).
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We have then:

. 1 du
for the grade correlation x=12 J a+AW)? 3

for the difference-sign correlation

1 .A'(u) 1 )
=, (r:;))zu(l —uwdu-2 [ logA(wdu;
for the medial correlation v = 41-A1/2) _ 1.

for the index of dependence A(A) = ASe/C A0 _ AL/(1=A0) \yhere Ay (=
1/2) denotes the minimum of A(u).

Ast=eXn=eYu=(1+e")!, we seethat B(u) = Prob{% <

u(1—u)A’(u)

u} = Prob{Y - X > logI;—u} =1- D(logl_Tu) =u+ A0 and
T=1- fOIWdu =1-— fol log%d BZ(u) because

fol loglg—ud B(u) = 0 as follows from f_zow dD(w) = 0.

10.6 Regression results

Let us now discuss some results on regression in the case of reduced Gumbel
margins. For convenience, we will only consider the regression of Y on X, the
regression of X on Y being dealt with in the same way with the substitution of
k(w) by k(—w) as said before. The linear regression line for reduced
margins is evidently Ly (x) =y + p(k) (x —v), p(k) being given before.

As Prob{Y < y|X = x} = A(y|x) is given, in the case of existence of a
density, by

1 JAKxY)
NEx) 0x

A(ylx) = = exp{e™ — (e7* + V) k(y —x)} X {k(y — %)

+(1+ e‘(y‘x))k'(y -x)}
the regression line is

F(xlk) = f yd AGl)

andas y = fj;oy d A(y) we get, by integration by parts,
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k) =y + f [AG) - AWID] dy

=y + [ (exp(—e7¥e™) — [k(w) + (1 + e ™)K (W)].
exp{e *[(1 + e ™™W)k(w) —1]}dw
=y+eX+ [T e Y — (1+e7W) k(w) e~ [reTIkW-1lg 4y,

The correlation ratio is given by

6 [+
Rkl =2 [ 660 -2 dAw

+00

6 e Ve W e_"((l +e W) k(w) — 1)
=—f fdvdw[ — — — 2 — —

T2 l+eV+e W e V+ (1+e W) k(w)

(A+e™) k(M)-1)(A+e™) k(w)—l)]
(14+e W) k(W)+(@1+e W) k(w)-1

Median regression can be defined as the solution of the equation
A(FIx) = 1/2; it takes the form §(x|k) = x + @(x) where @(x) is given by
e *(1+ e ?) k() —log [k(p) + (1 + e K ()] = (log2) e™ . In two of
the models (logistic and mixed) described below the curves are approximately
linear — see Gumbel and Mustafi (1968).

Evidently where we have margin parameters we must substitute x and y
by (x — A4)/8x and (y — A,) /8y, in all the three cases above. For instance, for

Ly(x)-Ay X—Ax
8}’

=v+p( 5. —y)orLy(x) =24, +

linear regression we have

X—Ax—Y Ox

Yy 8y +p 8y 5 , which can take the usual form Ly(x) =y, +

o}
pc_z (X_ |J-X)-

Let us return, from now on, to the study of regression for reduced
values of (X,Y).

As is well known, see Cramér (1946), the mean-square error of the
linear regression for reduced Gumbel margins is
1.[2
MSE(Ly (X)) = Myy(Y =y = p(X = ¥))* = (1~ p%)
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when the mean-square error of the general regression is

S S 2 T[Z = 2 T[Z 2
MSEF(X)) = My (Y = Y(X)? = = Mx((X) = )* = = (1~ R?)
which is, as known, equal to the variance V(Y — Y).

The mean-square error reduction in percentage is

_ MSE(Ly)-MSE(y) _ R%-p2
NL = MSE(Ly) T 1-p2’

it can be considered the index of non-linearity, evaluating the improvement in
using non-linear regression — see Tiago de Oliveira (1974).

It can observe that in all the cases studied so far, NL is very small and
so the improvement is negligible. This is easily understandable because Ly (x)
and y(x) are, in fact, very different for x < —2orx>5 whose total
probability is very low (about .007 or less).

The bounds for k(w) can give bounds for y(x), using the expression of
y(x|k) —y given before, but the bounds are so large that they are not useful.
In fact we have

—-X o et -X o et
—-y—1+4+x—¢e° etx ertS}_l(Xlk)—ySeX(l—ee )+f+ =

eX Tt

dt

Let us see how we can, if needed, improve the regression lines, through
the use of orthogonal polynomials with respect to A(x), that we are going to
construct.

Let {¥,(x)} denote the complete set of orthogonal polynomials with
respect to A(x), i.e.

-f W, (x) Wq(x) d A(x) = 8pq

where 8, is the Kroneker symbol (8, = 1,8,4 = 0if p # q), ¥,(x) having
the degree p. Recall that {(x —y)P} is a complete set of polynomials (not
orthogonal) in any bounded interval.
Let us take Wy(x) = 1 and W44 (x) = Zlgak]- Wi (x) + by (x— YL,
The orthonormality conditions give fort =0,1,...,k+ 1
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+ 00

f Wiy (0 W00 d AG) = Sy s

which fort=10,1, ...,k give

k +o

0= ag St ben | = WG dAG) = ke + s P
0 —oo0

and thus,

Wier1(X) = biys (— X6 Pr+1t Pe(x) + (x— k.

The normalization equation, for k + 1, gives

j Y2 (0dAKX) =1

or

+00 K
by [ (=95 =D Grene W00 A =1
— 0

or

bﬁ = 1/(Mak42 — 215 (P12<+1,t)§

for simplicity we will take by = (Makt2 — 2§ @F410) "2 (the positive root
for the radical).

We have, immediately,
Wo) = 196 = [& (=)

6(x —y)?/m? — B1y/6/m? (x—y) — 1 .

where By = 3/’ = 1.13958 and B, = ./ = 5.4, as known.

P, (x) =

tc.

Suppose that we want to develop y(x) —y = Xg pp Pp(%).
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We have

+00  k

6
R =G - = | Q0 T 4 =

— 00

SoaPp Pqf e ¥p(x) Wq(x) d AG) = X p3.

Let us now compute the p;. We have
+o00 o) +0o
| 60— dac =0, | wea%e0dac0
—©0 0 —0
= X0 Pp Spj = pj.i.e,

by = f T —v) W) d AR)

Thus we have:

+00

po = f LG ) dAG) = 0

— 00

P1

2 T2
Zan P = P

2

j W10 00 —v) dAG) = agy f x— )T — ) dAG) =

T

2
TrRz=mL
6 6

(o] 6 oo
p?+X5pf or R*=p’+— 37p.
For the independence case we get y(x) —y,and soasp = 0,
2 - +oo
TR =37pf 0= [ (Y W0 dAK) > R? = p? = 0,

and for the diagonal case we obtain y(x) =X, S0
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+ oo

+00 1
s = f(x—y)‘{’j(x)dA(X)=— W, () W(x) dx =
J a1

— 00

1 1
= — 8[3] = p] = 0, except P1= a = -,

a1

and so

1'[2 1'[2
—R?==sR'=1

6 6

10.7 Miscellaneous results

The results contained in this section were, in part, given in Tiago de Oliveira
(1962/63) and (1964). They refer to bivariate pairs with reduced Gumbel
margins.

Let us prove that

If (X,Y) is an extremal pair, the distribution of (Y|X) is extremal if and
only if (X,Y) is an independent pair.

It is evident that if (X,Y) is an independent pair (Y|X) =Y is an
extremal variate. Let us prove the converse.

Denoting by (as in the previous consideration of regression)
A(ylx) = e~ (€T HeKE=0+ (e (y — x) + (1 + e VK (y — x)}

the distribution function of (Y|X), we must have

-v(®)
AW = AC ).

This relation takes the form

(e*+e M k(y—x)—e*—log{k(y —x) + (1 +e O™ K(y—x)} =
e~ Y=V()/T(x))

Taking now x; < X, such that t(x;) > 0,t(x;) > 0, puttingy = w +
x; and y = w + x, and subtracting, we obtain
1+e™W)k(w)=1+ae PW - e PW,

B=1(x;)"1>0,p =1(xx)"!>0and a > 0anda’ > 0 are functions of x,

and x,.
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Take $ = B’; k(w) can be written as

1+ e PV(a— o eB-FIW)
1+e™W

k(w) =
andas Kk(—o) =1  we obtain
k(—=o0) = lim o e=PW =1
W——00
so that B = 1, a = 1. Consequently we have

e_B

1+e~ W'’ (B’ s 1)'

Condition I1) gives o’ < 0 so thatanda’ = 0 and k(w) = 1. The case B’ < B
is dealt with in the same way.

kw)=1—-a

From the expression p = —% f:: log k(w) d w, we see that p = 0 if

and only if k(w) = 1, that is, if the extremal pair is independent.

An extremal pair (X,Y) is independent if and only if any pair
(Xg,Y9),Xg =cos 60X +sen0Y +a,Yy = —sen 6X + cos Y + b for any
0 + 0,m/2,m, 3m/2 have equal variances.

The result follows immediately from the fact that

T[Z
V(Xg) = Z(l +psen20)
1.[2
V(Yp) = ?(1 — psen 2 0).
A side result is that

Z=a+aX+a"Y has an extremal distribution when (X,Y) is an
extremal independent pair if and only if a’ = 0 or a” = 0.

One half of the proof is straightforward. Let us prove the converse. We
can suppose that X, Y and Z have reduced extremal distributions, only having
to transform linearly Z if this is not the case (the coefficients of X and Y being
proportional to a’ and a”). As M(X) = M(Y) = M(Z) =y we obtain

Z—y =aX-y)+a(Y—Y).
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The computation of the second and fourth central moments

immediately gives

aZ+a%=1

B,(a* +a"*) + 6a? a”? = B,,

and so

(6 —2B,)a’?a"? = 0;as B, = 5.4we havea’ =0 ora” = 0.

As an immediate consequence the pair (X,Y) X=a+a Xy +
a"Yy,Y=b+Db Xy +Db"Yy) is an extremal pair, (XqY,) being an
independent extremal pair, ifand only ifa” =b’=0ora’ =b” = 0.

Another result, corresponding to the characterization of A(x,y), is
that Z = max(aX +a,BY +b) (o, > 0) is extremal, (X,Y) being a
reduced extremal pair, if and only if « = .

z—a z-—b

As A(z) = Prob{max(aX+a,BY+b) <z} = A(T’T) we must
seek conditions such that
A(z—a,z—b) :A(Z—A)
a B )

or such that (z=A+6v)

Alv) = A(A;a + §V,@ + §V) =A@+ v,b +BV),
a« o B B

that is
eV =(e WVt e Bk +PVv—a —aV).

Multiplying this equation by eV and letting v — oo we have a limit if
andonlyifo’ =B’ =1 ora = = & and then
e?x/S — (ea/S + eb/S) k(%),
which relates A and 8.

A(x,y|0) = exp(—(e™* + e7Y) k(y — x|6)) cannot have sufficient
statistics (of rank 1) if for some 8 = 6, we have independence.
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As is well known, if A(x,y|6) does have a sufficient statistic for 8 (of
rank 1), its density

TN — exp{—(e* + e)k(y — x|0)}. (7 P(y — x16) + &7 Qly - x|6)}

with

P(w[0) = (1 +e ™K' (w|B) + (1 —e™™)K'(w[B) =0

and

Qw(0) = {k(w|8) + (1 +e™™)K'(w|6)}.{e™"k(w|0) — (1 +e ™) K'(w|6)} = 0
would be of the form

2°Axy18) _ ,-a(8)b(xy)-c(xy)-d(®)
dx dy '

For 6 = 6, = 0 we will suppose independence and thus P(w|0) = 0
and Q(w|0)=e"™ ; we can suppose a(0)=d(0)=0 by a simple
transformation and, as a’(0) is a factor of the variance, we can suppose
a’(0) = 1.

Then, putting 6 = 0, we obtain c(x,y) =x+y+e*+e™Y, so that
the condition for sufficiency can be written

(e™ +e™¥) k(y —x|6) —log{P (y —x|8) + ™ Q(y — x|6)}
=a@) bxy)+y+e *+e ¥ +d(0).

2 k(w|0)
20

Denoting by h(w) = lo=o and deriving the relation above in

order to 0, we obtain

0 P(y—x|6)

(€™ +e ) h(y—x) = & (P

loo + e 2D 34 b(x,y) + d'(0)
so that

b(x,y) =e™aly —x) + B(y — %),

and the sufficiency condition has the form

(e™ +e™) k(y —x[6) —log{P (y —x|6) + e™* Q(y — x[0)} =

y+e*+e Y +a®) (e *aly —x)+ By —x))+d(6).
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Putting y = w4+ x and letting x - +c0 we see that we must have
P(w]|6) = 0 for any 0, which implies independence.
As regards correlation, we can also give some results.
The first one is that symmetrization reduces correlation.

If A;(x,y) and A,(x,y) are two distribution functions of bivariate
reduced extremes with dependence functions k;(w) and k,(w) and
correlation coefficients p; = — = f logk;(w)dw , consider now the
dependence function k(w) = (k (w)+k2(w))/2 — also a dependence
function by the mix-technique — and as ke > \/m we obtain

= — = [" 7 logk(w) dw < — = [** longl(W)kz(W)dw = (p1 + p2)/2.
Reference should be made to Tiago de Oliveira (1991).

max(1,e")

Also if ko < k(w), we know that  max(k,, Trow )

< k(w)
and thus

+oo max(1,e")

+00
f logk(w)dwzf log max(ky,

—o 1+e% ydw =

w log(ko/(1-ko))

+0oo e
= ZJO logmax(ko,m)dw =2 -fo logky dw

d W] — 2 fll/kO IOg(E_l) d Z ,

ew
+ fiogteo/ 1k 108 oo :

and, thus, denoting by

1/kg 1 1
o) = — 2z [/* B ag,

we see that
(1) =0=p=o(ky) <¢(1/2) == 1.

@(ko) is a decreasing function of k,, and the relation for k, can be
rewritten as 1/2 < ko < @~ (p) < 1; and as the index of dependence A(ky)
is also a decreasing function of k, we get
A1) =0 < A(e~H(p)) < Alkp) < A(1/2) =1/4
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and so the knowledge of p gives a lower bound for A(k).

An inequality with the reverse direction was not obtained although such

a result seems possible as we know that for p = 0 we have ky = 1(k(w) =
max(1,e%V)

1, independence) and for p=1 we have ko = 1/2(k(w) = ——3—,

diagonal case) against the fact that by the previous inequality for p = 1 we
have k, =1/2 and A(1/2) =1 but for p=0 we have ko, =1 and 0 <
Aky) < 1.

An important and unexpected relation between p and t is

(1-v2 <"1 -p)

In fact, as we have pzl—%fj:wde(w)andrzl—

fj;ow d D?(w), the Schwarz inequality gives the desired result.

. . 2 2
The relation can be writtenas 1 —t< = /T—porl - /1-p <.
Then we get

1-min(GyT-p)<t<1

. . o 2 2
which improves the usual 0 <t <1if =/T-p<lorp>1-(3)?=
.77203.

Also, given t,weget 0 < p<1-— %(1 - 1)

Let k;(w) and k,(w) be the dependence functions and D, (w) and
D, (w) the distribution functions of the reduced extremes of the distribution
functions A;(x,y) and A, (X,y).

The difference between the correlation coefficients is

6 (+oo k, (w)
P2—=P1 =5 ) o mdw.
k(W)
ky (W)
we know that k,(w)/k;(w) - 1 and by the relation kp(w)=1/1+
e Wl <k, (w),k,(w) < 1=k;(w), we get the inequalities 1/2 < Q, <
1<Q,<2.

ky (w)

Let us denote by Q; = inf and Q, = Supm; as forw —» too
1
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As we have Q;k;(w) <k,(w) <Q,k;(w) and by the previous
relations we get max(kp(w), Q:k;(w)) < k,(w) < min(1, Q,k;(w)), then

6 +00
-2 f_ (log min(L, Qk; (W) — logk; (W) dw < p; — py <
— = [*2(log max(kp(w), Q1k; (W) — logk; (W) d w;

6 ([t
- f (log min(Qz, 1/k; (w)) dw < p; — p; <

,Q1))dW

with kp(w) < kl(w),kz(w) <1.

—— f (log max(

Then 1/k;(w) <1/kp(w) and, thus, min(Q,, 1/k;(w)) <
min(Q,, 1/kp(w)) and so

- f logmm(Qz,l/kD(w))dw<——f logmin(Q,, 1/k, (w))d w.

2

But

6 [t 12 [t
Ff logmin(Q,, 1 +e ™Whdw= ?‘f logmin(Q,,1+e™™)dw =

12 log(Qz-1) +oo
=—2[.[ longdw+f log(l+e™W)dw=
™ Jo ~log (Q2-1)

Q-1 Jog(1 + 1)
t

12
= 7 (~log(Qz ~ 1).logQ: + | d4

12 Q-1 [¥ 'logt
= 7 {~10g(Q, — 1).logQ; +log(1 + D) logt | _f dt

o L+t

Q,—1logt 12 Q,log((—-1) _
fz 1+tdt=—§flszE=(p(Q21)andso

—cp(Qal) < p2 = p1.
But also

1 <1/k;(w)) so max( D(w) ,Qq) = max(kp(w),Q,)
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and then

6 +o00 k 6 +00
—= [, log maX(k—T»QOdW <-—= J__ logmax(kp, Q;)d w;

_ 6 f+°°1 11 o —
=z ) logmin G, o) dw = ¢(Q))
and, thus, we get

-@(Qz") < pz —p1 < @(Qy).

Also, the exchange of k; and k, (exchanging Q, and Q, for Q3! and
Q11) gives the same result and, so, |p, — p;| < max(e(Q31), ¢(Q,)) and, as
¢@(Q) is an increasing function for Q=1 > 1, we get

lp2 = p1l < @(min(Q™1,QL)).
The distance between A; and A,, analogous to the index of dependence,

is

__Q Q1
supyxy | A1 (X%, y) — A, (x,y)| = max {(Q; — 1)Q; 71, (1 —Qq)Qq1 -},
where Q, and Q3 are analogous to k, in the beginning, and the technique of

computation is the same. As (Q, —1)e~ /(2D <, —1and (1 —

Q) QW @D <1_q, are rough approximations, a very rough

approximation is sup | A; — A;| < max(Q, — 1,1 — Q). If we consider the

two non-differentiable models, biextremal with

K, (wl) = 1 min(6, e")
1Wis) = 1+ew

and its dual with

min(1,0 eV)
1+eW

ky(w|0) =1 —

where 0 < 0 < 1, both with correlation coefficients

01
p1(6) = p,(8) = —= [ =5 dt,
we have
k,(w|0) k,(w|0)
= su =14+0(1-06), = inf =1

266



Statistical Theory of Extremes, 229-268, 2017 (Online Edition). J. Tiago de Oliveira

so that, in this case,

__Q
SUpyy | A1 (% y) = Az (xy)| = (Qz = DQy %7 ;

this distance is an increasing function of Q, = 1 + 6(1 — 8) whose maximum
value is Q, =1+ 1/4. So, with equal correlation coefficients for the
biextremal model and its dual, we have the maximum distance equal to

1 5 _5/4
2% (Z) 1/4 ;= 4% /5% = .08192.

Another expression for the difference of the correlation coefficients is
P2 —p1 == [ w2 d(Dy (W) — Do (W) = = [~ w (Dy(w) = Dy (w)) d w.
Also for the difference-sign correlation we have
1, -1 = [ wd(DZ(w) — D)) = = [*~w (D}(w) — D}(W))d w.

From the relations written between p and t we get

9 .
lpz — p1l = mmax{(l - Tl)z' 1- Tz)z = m(l - mm(TpTz))z

and, conversely, we obtain

21 21
(Tli TZ) < max (mln(? \Y 1- P1, 1) ’ mln(? \V 1- P2, 1))

= min(l,z?“ max (y/1 — p1,/1—p2)) = min(l,%n\/l — min(pq, p2).
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