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8.1 Introduction

As said before, the three limiting distribution of univariate maxima, under reduced
form W, (z) (Weibull distribution), A(z) (Gumbel distribution), and ®,(z) (Fréchet
distribution), can be imbedded in the general von Mises-Jenkinson formula

G(z]0) = exp(—=(1+02);/%),—00 < 0 < +oo.

It is immediate that for 8 < 0 we have W_;/4(z) = G(— 1:;2 [6), a Weibull

distribution with a = —1/6, and for 8 > 0 we have ®;,4(z) = G(*5-(0), a Fréchet
distribution with a = 1/6; evidently, for 8 = 0 we obtain a Gumbel A(z) as
G(z|0) = G(z]|07) = A2).
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We will describe first a method of statistical choice between the three models
(6 < 0,86 =0o0r6 > 0) which is asymptotically optimal and leads to a statistic that
gives asymptotically a locally most powerful unbiased test of 6 = 0 vs. 8 # 0.

We will begin by giving a locally optimal approach, as in Tiago de Oliveira
(1981) and (1982), enlarged to a more general set-up in Tiago de Oliveira (1983) and
then a variational approach, the two ways being coincident in the statistical technique
used, which illuminates the problem from two points of view; application to data
comes from Tiago de Oliveira (1981) and Fransen and Tiago de Oliveira (1984).

We will begin with the analysis for samples of reduced values and then extend
it to the general case.

For other details see Tiago de Oliveira (1981), (1982), (1984) and, (1986) and
Fransén and Tiago de Oliveira (1984).

Afterwards, we will sketch other analyses of the problem by van Montfort
(1973), van Montfort and Otten (1978), Galambos (1980), Gomes (1982) and
Pickands (1975); the use of probability paper and of Q, was detailed in the Chapter
4, “Quick Exploration of Extreme Data”, in this book.

8.2 The locally optimal approach

Consider a sample of (independent) reduced values (z4, ...,z,) with distribution
function G(z|6), from which we want to decide for the Weibull model (6 < 0), the
Gumbel model (6 = 0), or the Fréchet model (6 > 0).

Let g(z|0) = G'( z|0) denote the probability density,

n
Ln(z[0) = L(z4, ... , Zn|0) = T g(26)
1

0 log g(z|9) _z ? oz

the likelihood of the sample, and v(z) = >0 0=0 =5 —Z— Z? e %

The locally optimal test of Gumbel vs. Fréchet models (6 = 0vs.8 > 0) is
given by the acceptance region V,(z) = ¥"v (z;) < a,, the locally optimal test of
Gumbel vs. Weibull models (6 = 0 vs.8 < 0) is given by the acceptance region
V,(z) = ¥3v(z) >b,, and the asymptotically unbiased locally optimal test of
Gumbel vs. Fréchet or Weibull models (6 = 0 vs.0 # 0) is given by the acceptance
region b, < V,(z) < a, ; see Tiago de Oliveira (1981) for the proof of the asymptotic
unbiasedness using only V,,(z), where it is proven that the part containing the second
derivatives, coming from the Neyman-Pearson theorem, converges to zero: the two-
sided test is thus an intersection of the two one-sided tests. Thus:
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The procedure is to decide for the Weibull model if V,,(z) < b,,, for the
Gumbel model if b, < V,(z) < a,, and for the Fréchet model if a,, < V,,(z) and we
should have Prob {accept 6 =06 =0} - 1 — « and

d Prob {accept 6=0|6}
10 /=0 0.

The first attempt — see Tiago de Oliveira (1981) and (1984) — was to seek
quantities b, < a, that asymptotically split, in a balanced way, the significance level
a, i.e., such that

Prob {V,(z) < b,} - /2,
Prob {V,(z) = a,} - a/2,
and Prob{b, <V ,(z) <ay}—-1-a.

As, for 8 = 0,v(z), has mean value zero and variance o = T™®(1)/4 +
r®(1) +I'(1) = 2.42361, we know that V,(z)/v/n o is asymptotically standard
normal.

Putting c,(a) = vVn o A (a/2), where A(p) is the solution of the equation
N(x) =1 —p,N(.) being the standard normal distribution function, we see
immediately that a,~ c,(«) and b,~ — c,(a). The approximation —b, = a, = c, ()
was used in the first papers on the subject and applications, such as those referred to
before, and Fransén and Tiago de Oliveira (1984) was also written under this pattern.
We will show that a considerable improvement can be made.

Let us denote by u(0) and 6%(0) the mean value and the variance of v(z) with
respect to the distribution function G(z|8); u(0) = 0 and 62(0) = o2. It can be shown
that p(0) exists only when —1 < 6 < 1/2 and the variance exists only when —1 <
0 < 1/4. As ’(0) = o%(> 0) we see that u(0) increases in the neighbourhood of
6 = 0. We have p(0) = 2.42361 0 + 4.15362 6% + 0(03) and 62(0) = 2.42361 +
25.26470 6 + 275.03597 62 + 0(02).

For —1 < 6 < 1/4 the Central Limit Theorem is valid and, thus, (V,(z) —
n u(6))/vn o () is asymptotically standard normal.

Under this formulation, and denoting by P,(8) the normal approximation
based on the Central Limit Theorem, we obtain that the probabilities of correct
decision are:

— for the Weibull model:
P,(8) = Prob {V;,(2) < —c,(a)|0} =
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(@) —np®6) —cnl@) —np®)
Vno(@® ~  Vna(®)

If —1 <6 <0, isapproached asymptotically by

— (@) = pu(6)
Vo (6)

which, as u(8) < 0 for small values of 8 < 0, leadsto B,(8) —» 1;

Prob{ /03

P,(8) = N( ),

— for the Gumbel model:
P,(0) = Prob{—c,(a) < V,(2) < cp(a)|0 = 0} =

Vn(2)

Vno
is approached asymptotically by

n(@) n(a)
= Prob{i/_T'Z < < %|9 =0},

P,(0) = N(A(a/2)) = N(=M(a/2)) =1 —a;
— for the Fréchet model:

By (8) = Prob{\;(2) = c,(2)|6} =

Vn(2)-n u() _ cnl@)-n u(d)
Prob e 2 Ve /%

if 0 <0 < 1/4,isapproached asymptotically by

cn(@) —n u(8)
Vno (6)

which, as p(6) > 0 for small values of 8 > 0, leads to 2,(0) — 1;

B,(0) = 1 - N( 6),

But there is a remark to be made. As
Prob{accept 8 = 0|6} = Prob{— c,(a) < V,(z) < c,(a)|08} =~ P,(0)

cn(@) —n u(e)) N (—cn(a) —nu(6)
Vno(6) Vno(6)

= N( ),

we have

P, (0) = N(A(a/2)) = N(—M(e/2)) =1 — «;

dPn(6)
de

lo-0 = =2 A(a/2)N'(A(@/2)) 77 < 0

but

for the usual values of a and thus the symmetric test chosen is not asymptotically
unbiased.
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This statistical decision procedure is thus consistent in the same way as tests
are said to be consistent, the Gumbel model (6 = 0) having a central position here.
Recall that the procedure is unbiased and locally optimal at 6 = 0.

It can be changed to be strongly consistent, i.e., to be such that the probability
of correct decision converges to 1, whatever 6 may be, for —1 < 8 < 1/4. But in this
approach we do not have asymptotic unbiasedness. We will summarize it.

Consider then as sequence {d,}(d, > 0) and use the statistical decision
procedure:

decide for the Weibull model (8 < 0) if V,(2) < —Vn o d,,
decide for the Gumbel model (8 = 0) if / V,,(z)/<Vn o d,,
and  decide for the Fréchet model (8 > 0) if V,(z) > Vn o d,,.

A necessary and sufficient condition for strong consistency is that d,, —» +oo
but d,,/v/n = 0.

Evidently the conditions d,, — oo and d,,/v/n avoid the “over-rejection” of the
Gumbel model of the previous procedure with c,(a)as shown by the strong
consistency.

Optimization of {d,}, whatever it may mean, has not been solved.

A way to obtain {d,} is, after choosing a (moving) level of significance
20,(0 < ay, < 1/2,a,, = 0) to define d,, by

Prob{|V,(z)| < Vnod,|8 = 0} » N(d,) — N(—d,) = 1 - 2a,

or, asymptotically, as is known,
_ __log(-log ap)+log(4m)
d, =+ —2loga, /-7 Togon .

As a, » 0 we see that d, — +oo ; the condition d,/vn — 0 leads to
(log a,)/n — 0. A sample solution is to take o, = 1/n, thus leading to a probability
of incorrect rejection of 6 = 0 of order 2/n; for details see Tiago de Oliveira (1981)
and (1984).

But let us return to the initial question seeking asymptotic unbiasedness.
Let us study the decision rule: choose b, < a, and
decide for the Weibull distribution if V, < by,

decide for the Gumbel distribution if b, <V, <a,,
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and decide for the Fréchet distribution if ap < Vj.

We will seek the best (b, a,) for unbiasedness and some useful asymptotic
approximation, as done in the previous step.

We will study the rule centering it on the Gumbel distribution, which is the
pivot of the system. We have

P,(k) = Prob{accept Gumbel df|6} = Prob{b, < V, < a,|6}

n = u(6) <Vn—nu(9) <an—nu(9)
Vno(6) Vno(6) Vno(6)

if u(0) and o(0) exist, and by the Central Limit Theorem we have

b
= Prob{

bn—n pu(6)

D n_ (0)
Pa(8) ~ P () = N(ax/ﬁr;?e) ) = NCirse )
For simplicity of notation we will denote by

o =0, Wo =03 W, .. and og, Wy, 1o, ... the values of u(0),u’(0),n”(0),... and
a(0),0’(0),0”(0), ...

Let us introduce the convenient notations P = ¢’y/0% = 3.34804,b, = b, /
\/HO-O and 5n = an/\/ﬁo'o.
By successive derivation we get

’ﬁn(o) = N(an) - N(Bn)x

P.(0) = —vn 6o{N’@,)(1 + p @,/vn) — N'(b,)(1 + p b, /Vn)},

and  P;(0) =no3 (N’ &,) (1 +pa,/vn)? — N"(b,)(1 + p b,/vn)%}
—(Wn/op) (N'@,) (o + 0o pa, / VN —2063(1 + pa, / V)
— N'(by) (1 + g pbp/vn — 2 63(1 + pb,/vn))}

which will be needed to obtain the asymptotically optimal solution and a sequence of
approximations.

For the limit solution, with significance level o, we have
Fpln(o) = N(an) - N(Bn) =1-a,

P,(0) = —vn 60[N'(@,)(1 + p a,/vn) = N'(b,)(1 + p by / V)] = 0 which gives
the basic equations for the problem

N@,) —N(by) =1 -«
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[N'Gn)(L + pa,/vn) = N'(by) (1 + p by/vVm)] = 0.

They must be solved numerically and do not lead to a symmetrical solution.
We will get, first, a limiting solution and then a sequence of approximations that give
a good simple solution.

Letting n — oo in the basic equation with b, — b and a, — @, we get
N@ -N(b)=1-«a
N'@) = N'(b)

which lead to b= -2, a=2A, with A = A(a/2) being defined by the equation
NQA) =1-oa/2.

A remark can now be made: as @, - A, b, - —A we see that
P,(0)/noZ - 2N"(A) or P,(0)~—202 AN'(M)n < 0,

showing that we have a maximum of P,(0) at ® = 0. But the decision procedure with
the limiting solution b = —A, @ = A, although verifying the condition P,(0) = 1 — a,
is slightly biased because P,(0) = -2 o,pAN’'(A) < 0.

We will define approximations to b, and a,developing them in powers of

1/+/n as
by = —A+b;/n"Y2 +b,/n+ -+ +byn7/2
Ay = A+a,/n Y2 43,/ a0

obviously we have

b, = an +0(n~0*D/2),
a, = ay; + 0(n~0+0/2),
Bn,j+1 = Bn,j + B]'+1 /n(j+1)/21

3 _ = = j+1)/2
and @41 = @p; + aj4,/n0Y/2,

For convenience we will introduce the functions:

j
Bj(‘t) = —?\+Z b, "
1
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j
aj(t) =1+ Z E;Tr;
1

we evidently have b,; = b;(1vn) and a,; = a;(1vn).

by and a,; will be the j-th approximations to b, and a,; the 0 -th
approximation is evidently b = —\ ,and a = A. We will denote by T”nj(O) and ﬁ;j (0
the values of P,(0) and P,(0) when we use the j -th approximation (in the initial
notation, when we take b, = by; and a, = a,)).

The deviation and the slope, at origin (6 = 0), of the decision procedure are
Api= |Py;(0) — (1 — )| and B,;(0).
As we have seen for j = 0 we have A,, = 0and P,(0) = =2 5,p AN’(}).

For each j, accepting the previous b, and a,; (i <j) we could develop in
series of 1/+/n the terms of the two basic equations, put equal to zero the first non-

null term of the series in each equation, thus obtaining two linear equations in Bj and

5;, and evaluate En]- and '15,1] (0) by the asymptotics of the next non-zero term. We will
use a systematic method. Denote by

(1) = N@ (1) = N(bj(1) — (1 — )
g = N@G@®)(1 +pt3(0) — N'(bj(0)(L +pThi(D) ;
we have A= |f;(1/vn)| and P,;(0) = —vn 0, g;(1/vn).

Forj = 1 we have
£,(0) = 0,£,(0) = @, — b)N'QV, ...
£:(0) = 0,g,(0) = @ +b)N"M) + 2 p AN,

The equations defining B; and a, are then f,(0) = 0 and g, (0) = 0 and we
get a, = 5'1 =pandsob,, = —A+p/Vynanda,; = A+ p/vn. Then we get, using
a3, =D =p

f;(0) = 2p* N"(A) = — 2p* N'(), g;(0) = 0,

g;(0) =4p3(% —22) N'(A) and so
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16O

O ot = AN p/n

Vvn

and  P.,(0)~ —vn o, 82 ()* = 20 =2 ) N() p/3n.

6

Enl (

The development of [N(a,;) — N(b,;) — (1 — a)] up to terms of second order
in it 1/+/n shows that

_ p? p?
Ap; < FmAaXIN"O\)l = ;|N"(i1)| =

p?
V2Te n

2
= 0.2419707 % = 2.7123396/n.

Note that A,; and P,;(0) are both O(n™1). In the same way we can evaluate
the next order approximations. For j = 2 we get through the analysis of f,(t) and
g,(1), by, = —p?A/2 and 3, = p2A/2 and then, as f,(0) = 4 p?A2 N'(A)? we get
A,;~2 p?A? N’(A)?/n with a small reduction of the deviation measured by
Any /A~ 2AN' Q) < 2AN'(QD)]peq = 48394

but with a deviation of the same order O(n™1); and, as g,(0) = 2 p3(—2A%3 — 2% +
A+ 4) N'(A) and so

5 g0 1., pPHR+22-2-HNQ
Py (0) \/ﬁﬁo 6 (\/ﬁ) = 0Op 3n

and

- ~ A3 —-222+21+4

Pn2(0)/Pa1(0)~ (» —1/2asA - +o)

23 =22

and so P,,(0) = 0(n™') as B, (0); there is not a great improvement in the use of the
second order approximation.

Consequently the procedure, asymptotically unbiased to order O(n™1), is to
take as bounds for V,,(z) /n the values

b, = 0o by/Vn = 6o(—A + p/vn — p?A/2n)/Vn
a, = 0¢a,/vVn =o0y(A+ p/vn+p?1/2n)/+/n
or to decide for the Gumbel distribution if

Vi(2)

—A+p/Vn—p?A/2n <

<A+p/Vn+p*A/2n

166



Statistical Theory of Extremes, 158-173, 2017 (Online Edition). J. Tiago de Oliveira

and correspondingly for the Weibull or Fréchet distributions.
The acceptance interval for the Gumbel distribution (in terms of V,,(z)/n) thus

2
increases fromay, —by =2A toa, —b, =2A (1 + Zp—n) from 0(1) to O(n™?%).

Let us now generalize this statistical choice procedure, when introducing
location A and dispersion §(> 0) parameters.

If the underlying distribution is the general Gumbel distribution A((x —1)/8),
the maximum likelihood estimators A and 8, for the sample (x4, ..., x,,), are given by
the equations

a 1% eXP(_Xi/S)

6=Xx— ~
21 exp(—x;/6)
and
s 2 ‘fexp(—xi/S)
A= —0log( ” ).

Now we will use “estimated” reduced values 2; = (x; — A)/8 and compute the
“estimated V,,(z)” as V,(2), given by

n n

-~ ~ a 1 -
000 = D v =N/8) = = () 1 - 28

1

i . _nZixf exp (-xi/5)
= Zlexp(—xi/8)
2305 = %)/8)exp(—( —%)/8)

=7 exp(—(x; —X)/8) '

Either by the §-method, Tiago de Oliveira, (1982), but with a lengthy algebra,
or following Tiago de Oliveira (1981), it can be shown that, for the Gumbel model,
V,(x)/n is asymptotically normal with mean value zero and variance 6%/n with
62 = 2.09797; note that 62 < o2, a reduction of 13.4%. More generally V, (x)/n is
asymptotically normal with mean value p(8) and variance 62(8)/n, if the underlying
distribution is G(z|8); fi(0) = 0. Also {’(0) =362(0) =362 and also [i(B) is
increasing in the neighbourhood of 8 = 0. The expansions of {i(6) and G(6) are
fi(6) = 2.09797 6 + 4.58653 8% + 0(8%) and G2(0) = 2.09797 + 19.91015 6 +
248.60225 6% + 0(6°).

=20~ %)/8)? —n

Thus we can apply the reasoning used previously with the reduced sample and
formulate a consistent or a strongly consistent decision procedure.

The strongly consistent procedure is to choose {d,} such that d, — o and
d,,/'n — 0 and decide for the Weibull model (8 < 0) if V,(x) < —/n é d,,, decide
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for the Gumbel model (6 = 0) if |V},(x)| <Vn 6 d,, and decide for the Fréchet
model (8 > 0) if 7,(x) >v/né d,.
Evidently for a (classical) consistent decision procedure we should use the

asymptotically locally optimal approach given for the reduced case with the
substitution of o by Gandof pby p =36'/6§5 = 3.27601.

The method of analysis described above can be related to the likelihood ratio
testof 6 = 0 vs. 6 = 0.

For more details and other information see Tiago de Oliveira (1981), although
connected with the initial symmetrical approach.

The example associated with Table 1 and Figure. 4.4 in Chapter 4 (with

A=9471 and § = 12.49) gives V,/v/2.09797 n = — 1.21 leading, thus, to the
acceptance of Gumbel model, as suggested by Figure. 4.4,

8.3  The variational approach

We begin by considering the reduced case. From a sample (z,, ..., z,) we want to find
a statistic t,(z) = t(z4, ..., z,) Which approaches zero (0) in mean-square if 8 =0
and deviates at the maximum positive speed if 8 # 0 in the neighbourhood of 6 = 0.
The basic idea is to use t,(z) to decide for the Weibull model if t,(z) < B, for the
Gumbel model if B, < t,(z) < A, and for the Fréchet model if A, < t,(z); naturally
we can expect B, < 0 < A,. p
n
Once more L,(z|0) = L,(z4, ..., 2,|0) = Tg(z]0) denotes the likelihood of

1
the sample; the mean value and variance of t,(z) for the value 6 of the shape

parameter are denoted by
+00
RORY IRNGINCDEY
and
+00
HO = [ GO LE0dz - vie)

if they exist.

The conditions described above, with a scaling condition on the variance at
8 = 0, for convenience, are

va(0) = f @ L@l dz = 0
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2(0) = f:: t2(z) L,(z|0) dz = C (a positive constant)

and we want
oy — 4 (®) N
() = =l = | @ Y @) L@l

to be a positive maximum ; as before we have

_ dlogg(z]0) z? z?

V@ =gl =g Tz e

The Lagrangean for the Calculus of Variations, with Lagrange multipliers A
and B for the side conditions v, (0) = 0 and t2(0) = C, is

L(ty) = {tn(2) + Aty (2) + B t}(2)} Ly(2]0).
The Euler-Lagrange equation for t,, is
oLt
giving thus, as L,(z|0) > 0 for —c0 < z < 400,
"v(z)) +A+2Bt,(z) =0.

Multiplying by L,,(z]|0) and integrating the equation on z we get A = 0 and so
ta(z) is proportional to V,(z) = X1 v(z).

Denoting, as before, by u(0) and 6%(8) the mean value and the variance of
v(z) with respect to g(z|6), we see that taking t,(z) = V,(z) we have

Vn(e) =n H(e) (Vn(o) = 0)
and
T3(8) = no*(6) (t2(0) = no?).

Then as v,,(0) = 12(0) = n 6% > 0 the variance increases with 6.

The variational approach is thus coincident with the locally optimal one and
the analysis can proceed on the same lines as before.

The variational approach could be continued by seeking a statistic t,(x) =
t(xq, ..., Xp), independent of the location and dispersion parameters (i.e.,t(o +
B Xq, ..., 00 + BXy) = t(Xy, ..., X)) With the property of quickest deviation from zero,
as before, but the result does not seem workable, as happened before in the search of
the best quasi-linear estimators and predictors in Chapters 5, 6 and 7.
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8.4 Other analytic approaches

Let us describe, in a sketchy way, some approaches tried by Jenkinson (1955), van
Montfort (1973), Pickands (1975), van Montfort and Otten (1978), Galambos (1980),
Gomes (1982) and Tiago de Oliveira and Gomes (1984).

Jenkinson (1955) suggested the following decision statistic: for a sample of
2n, we split it in n pairs whose maxima are taken and use the ratio of the variances of
the 2n observations and the (produced) sample of n maxima of pairs. This statistic is,
clearly, independent of the location and dispersion parameters and converges to a
function of the shape parameter. A modification of statistic was studied in Tiago de
Oliveira and Gomes (1984).

van Monfort (1973) developed the following statistic W to test Gumbel vs.
Fréchet distribution : define

1 1+r,
Wy, =—§log

1-r,

where r, is the correlation coefficient between W,(i+ 1/2) = —log(—log((i +
1/2)/n)) and L; = (X;41 — X)/(Mix1 — ;) (i = 1,2, ...,n — 1) where the x; are the
order statistics of a sample (xi,...,x,) and 1; are the mean values of x; for the
Gumbel distribution under reduced form (A = 0,6 = 1. Evidently r, and thus W, are
location and dispersion free. Simulation has shown that W is approximately normal
with the mean value and variance to be fitted to the simulated critical points. The
rejection region is W > a.

In the statistical choice proposed by van Montfort and Otten (1978) there is
defined the statistic

n —
A—R
A, = \/ﬁz G-y,
2 a

where

Lj

Wi = —— L = (% — X))/ (i = i), X3,

T L+ ..+Lg
and n; with the same meaning as in van Montfort (1973),
A=—vy— (S =S/ =Si_y) (i=2,..,n),y=057722 (the  Euler
P | N i L — 1 log(i+j) N ) NS ke N ECTe )
constant), S; = i(;) XjLo(—=1)'( )Ty 0 Si= i(;) XS (=D( i) S
R 1 —
A=— Y5 A; and o} = —¥3(4; - 4)*
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The rule is to decide for 6 > 0 (Fréchet) if A, is large, for 8 < 0 (Weibull) if it
is small and for 8 = 0 (Gumbel) if it is intermediate. To this statistic A,, a normal
distribution is fitted giving conservative values, as shown by simulation.

Pickands (1975) gives a procedure to estimate the upper tail of a distribution,

with an approach close to the one of Galambos (1980) testing procedure, as follows:
1-F(x+a)

1-F(a) '
close to 1—L(x/alc) = exp{— fox/a((l +ct),)"tdt}if F(.) is attracted to a
limiting extreme value distribution, where ¢ < 0,c =0,c > 0 correspond to 6 > 0
(Fréchet), 8 = 0 (Gumbel) and 8 < 0 (Weibull) distributions. Then, letting x; > x, >
=% = =X, be the (descending) order statistics of a sample of n i.i.d.
observations with distribution function F(x), and taking the upper 4M observations
(X1 = Xy =+ Xu) , We Use

for large a he shows that the conditional distribution if F is continuous, is

¢ = log((xm — Xam)/ (Xom — Xam))/l0g 2

and
log 2 ~

A= Gow—xw)/ [ e du
0

P P
as estimators of ¢ and aif M — o but M/n — 0. A choice of M is to take dy; =

ming gjen/q dj , With d; = 0<s;xi;+)w|15j(x) — P(x13,0)|, F;(x) being the usual empirical

distribution function of x; — X,;(i=1,2,..,4j — 1), and Pi(x|,¢) is computed with
3,¢ corresponding to M = j. 1 — F(x) is then approximated by 1 — Gy (x|3, ©).
The distribution functions P(.) are called the generalized Pareto distributions.
For more details connected to tail estimation see the Annex 4.

In Galambos (1980) another approach was presented, for the same type of
decision for Gambel vs. Fréchet models. It can be shown that the maximum of an
I.i.d. sequence of random variables {X;}, unbounded to the right and with mean value,

is attracted to A(.) if
Prob{X > t + u(t)x}/Prob{(X > t)} > e™ ast - +oo,

where, p(t) = ft+°°(1 —F(y)) dy/(1 — F(t)) is the conditional mean of X —t if
X>t. Thus for large t, the Y; = (Xj —t)/u(t) are asymptotically standard
exponential, and u(t) can be estimated by p*(t), the average of the values x; —t > 0.
Then it is suggested to use for t the m-th maximum (t = x,,;_, — X;,) and to
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proceed to the common tests for exponentiality; in the case of rejection of A(.) we
will accept the Fréchet model.

The Gumbel statistic Q,, for estimation of 6 for the Fréchet distribution has
already been used for quick exploration of extremes (Chapter 4). Gomes (1982)

studied, by simulation, the behaviour of the statistic Q,, = zn_x[i“/z];“ where x;, and x;
[n/2]+17 "1
are obviously the maximum and the minimum of the sample and X,[n/2]+1 the median

of the sample. The asymptotic distribution of this statistic was obtained in Tiago de
Oliveira and Gomes (1984) and has different behaviours according to the exact value
of 6: a Gumbel distribution of minima if 6 < 0, a Gumbel distribution of maxima if
® = 0 and Fréchet distribution of maxima if 6 > 0, as said in Chapter 4. But there
does not exist an optimal procedure for statistical choice based on Q.
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